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INTRODUCTION. 



The Doctrine of Limits is now very generally adopted as 
the basis of the Differential and Integral Calculus. 

Of the methods which were formerly in use it may be 
advantageous to the mathematical Btudent to glance at some 
of the most prominent. 

By inscribing successively in a circle, regular polygons of 
four, eight, sixteen, thirty-two, &c. sides, we may at length 
suppose a polygon to be inscribed whose area shall be less 
than that of the circle by a quantity so small as to be unas- 
signable. In this manner the area of the circle may be said 
to be exhausted. Hence, the method which was based upon 
this mode of operation was termed the Method of Ex- 
haustions. 

In the early part of the seventeenth century a work was 
published, in which all quantity was assumed to be composed 
■ of elements so small that it would be impossible to divide 
them. An infinite number of points in continued contact 
were supposed to form a line, an infinite number of lines to 
form a surface, and an infinite number of surfaces to form a 
solid. Now, since a hue has magnitude, namely, length, 
and a point has no magnitude, it is obvious that a line 
cannot properly be considered to be made up of a series of 
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points. The method founded upon these suppositions is 
consequently objectionable. Ca Valerius, the inventor of it, 
called his work " Geometria Indivisibilibus j" and hence this 
method was styled the Method of IndivitibUt. 

Sir Isaac Newton considered all quantity to be generated 
by motion ; a point in motion producing a line, a line in 
motion producing a surface, and a surface in motion pro- 
ducing a solid. This motion or flowing of a point, a line, 
and a surface, gave rise to the terms fluents and fluxions : 
the quantity generated by the motion being called the fluent 
or flowing quantity, and the velocity of the motion, at any 
instant, the fluxion of the quantity generated at that instant. 
The method founded upon these considerations has been 
long known as the Method of Fluxions. 
■ As applications of this method are continually met with 
in mathematical works, it may not be inappropriate to give 
a few instances of its notation, compared with that proposed 
by Leibnitz, and now generally adopted by writers on the 
Differential Calculus : 

w, if, ii, it, u, sin.c, {(-e 2 — I)" 1 } . 

dit, d 2 u, d s u, d*u, d n u, dainx, d"(x 2 —l) m . 

The fluxional symbols in the first line are placed exactly 
over the corresponding differential symbols m the second. 

Leibnitz considered every magnitude to be made up of an 
infinite number of infinitely small magnitudes. His mode of 
reasoning was as follows. Any quantity w consists of an infi- 
nite number of differentials, each equal to ph + qh 2 +rh 3 + die, 
and h being infinitely small, each term in the' series is infi- 
nitely less than the next preceding term, and consequently 
the sum of the terms after the first is infinitely less than 
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that first term. Hence ph is the only term necessary to be 
retained to represent the series. 

Lagrange, in his " Calcul des IWctions," endeavoured to 
simplify the subject by rejecting the consideration of infi- 
nitely small differences and limits, referring the Differen- 
tial Calculus to a purely algebraic origin. He defined the 
differential of a quantity to be the first term of the series 
/>A+gA 3 +rA 3 +&c. This is the foundation of his theory. 

Each of these methods has found numerous advocates 
among mathematicians, a fact which excites no surprise 
when we consider the extraordinary genius of the great men 
whose names are associated with the origin of these various 
and most interesting theories. 

In our own day several highly talented men have directed 
their attention to this subject, and it seems now to be very 
generally admitted that the method best adapted to ele- 
mentary instruction is that founded on the Doctrine of 
Limits. 

Among the valuable works which have recently enriched 
this subject may be mentioned those of Whewell, Hall, 
O'Brien, De Morgan, Thomson, Young, Price, and Walton, 
in our own language, and Duhamel, Cauchy, Moigno, and 
Cournot, in the French. 

Let us suppose a certain magnitude u to be dependent 
for its value upon some variable magnitude x, so that the 
value of u may be represented by some expression into which 
x enters, then a is a function of x. We will assume, for 
instance, that M=ar', and, in this simple example, supposing 
x to undergo a change of value, we will trace the corres- 
ponding effect produced upon the function u. 

Let x take the increment h, that is, let * change its value 
a 2 
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and become x+k, then if we represent the corresponding 
value of m by u„ we shall have 

«,= (x + Kf=x* + 3 a?h + 3 xlfi + A 3 , 
.*. «,— M=3a^A + 3arA 2 +A 3 =coiTeaponding increment of k, 

1 ~-^=:3x 3 +dxk+k 3 = ratio of increment of function to 

increment of variable. 

Now the first term of this expression for the ratio being 
Sx 2 , it is obvious that h may undergo any change of value 
whatever, without affecting this first term. 

Let h then continually decrease in value until it is=0, 
then the expression for the ratio will be simply Zx 2 . 
Hence this first term is the limit towards which the ratio 
approaches as A is diminished, and which limit the ratio 
cannot reach until A=0. 

Now if u=x z , du=2> li 2 ■ da, < ^-=Zx 2 , where du is 
dx 

the differential of m, dx the differential of x, and 4^ the 

dx 

differential coefficient derived from the function, that is the 
coefficient of dx. Thus the limit 3 x 2 is equal to the differen- 
tial coefficient. 

These remarks are offered to the reader in this place, not 
only with a view to remind him of what the Method of 
Limits is, and to regard it iu its connexion with the methods 
above alluded to, but also in the hope of inducing him con- 
stantly to recollect that, when he is performing that very 
common operation in the Differential Calculus of ascertaining 
the differential coefficient, he is virtually seeking the limit of 
the ratio of the increment of the function to the increment 
of the variable. 



EXAMPLES 

DIFFERENTIAL CALCULUS. 

CHAPTER I. 
DIFFERENTIATION OF FUNCTIONS OF ONE VARIABLE. 
En. (1.) Let Then |?=o. 

(2.) L«t it=a + iz. Then ^=4. 
(3.) Lety=3«^+S«. Then ^=2 x 3o*=6a.r. 
(4.) Let «= Then *** 

_ 8»V-8j i + 4j> _ 8<»V- 4a» 
(o 2 -* 2 ) 3 (««-•>)" ' 

(6.) »=(l+2« !l ).(l+4^=l+2«?+4^+8a i . 
' ^=4*+12a?+40»«=4. c (l + 3. I -+10^. 
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ALGEBRAIC FUNCTIONS 

(7.) »=(1 +«)«.(! +*>)*. 

|j=(l +*)«.2(1 +**). 2z+(l 4(1 +»)■ 

=1(1 +«)■. (1 +*"). {(1 +»)»+(l +*">} 
=4(l+«) I .(l+« s ){l+i«+2« a }. 
(8.) «=(«?+») (3*>+J). 

^=(*»+«). 6z+(3*»+6). 3# 
da! 

(9.) «=(a + 63-)". 

5!= f i(«+}*-)- , .l»J<i("-'=ii»»(o+ia!")-'.i»-'. 



(10.) «={«+V'+3} 



(11.) u=\/ x+ '/l+a?. Squaring, we have 



2.^=1+ 2 * 



2» 2v/«+ VI + 

2v / r+^-"/*+Vl+* a 2vf+p 



lt.i I ZOd b, ■ 



OP ONE VARIABLE. 



3 



(12.) u=— 7==== ■ Multiplying both numerator and 



denominator by v aP+xP+te, we have 



1 f 2:. 2^ + a« 

(13.) «=(«+a:)(S+«)(c+»). 

+ (a + ,)(S+»).^(^ 
=(*+*) (,;+*)+(,:+*) (<.+*)+(<.+*) (i+*) 

=3a?+2aa;+26;c+2G;r+a6+ae-f-Sc 
=3z?+2(a+l+c)z-t-ab+ac+lG. 
(14.) «=(l+«f)-.(l + »")". 

=(1 +«-)-. m(l +«•)»-. »«■- 

+(1 +x H ) n . n (1 -f-a")"'' 1 . mai*- 1 
=ran(l +»")"-'. (1 +»■)—'. {(1 +*")a:- 1 +(l +»")«»-') 
=m7i(l+*-)-'(l+x")— '{«""' +«- 1 + 2«" + " 1 }. 



FUNCTIONS 



First, 



2+,(«'-^)-i.(-2») 



4* 



-i f i _ 4» 1 

t2z^ 3W-1?) 1 / 



J (2a;^ 3(1?- 
2x</x * 



v a: va; 



(16.) « 




2z(l-a?)+» / i-ar i 



(17.) a=-\/ «+it+-x/ « + »/o+a;+ *c. iniirf. 
K ! =»f*|y «+a;+ Va+»+ &c. in inf. 



OF ONE VARIABLE. 

■ iu ~ 1 

"<Sb — 2»— I' 
But v w 2 — u=a + a:, 

2 , Tl 2 , 1 4a + 4*+l 



da; V4a;+4a+l 

(18.) + 

1 + .fee. in inf. 

. , T , * 5 n du du ^ 

..u=l-\ — M 2_ u=0 ; 2u- -=1, 

« die dx 

x 'use ' <te 2a— 1' 



da; V , 4a;+1 

(19.) 2ux+au 2 — Ja^=0. This is an implicit function. 

/ , , du , du Ix—u 

(au+x)- — s=bx— u, — = 

<fo rfa; om+3! 
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6 ALGEBRAIC FUNCTIONS 

But ■; bx 2 — ux=au z + ux, {lx—u) x=(au+x) u, 



lx-u_u . du_ 


it 


" au+x~x ' " dx~ 


"a; 


(20.) u=2a + 5x. 


(fa 


(21.) u=m-\-iia\ 


<2» 

— =n. 
<fa 


(22.) u=e—2a?. 


ax 


(23) w=2ai 2 3a;+6. 


5=4«-3. 


(24.) u=4a?-2a?+3a:. 


<fa 


(25.) u=(a+bx)a?. 


^=(48»+3«)a£. 
da; 


(26.) «= </x*+a*. 


a: 

da: + « 2 


(27.) «=( T 4-)"- 
v ' \1 +a;/ 


<fa (1 + a;) a+1 


a? 


du 2a: (a -2a 5 ) 
<fa — (a+ar*) 3 








a: 


(fa \/x 2 +'/a + x t 


2\/ a+a^+a^^ o + 


(30.) (^+W=<rt". 


</y 5 a: 
dx a \ / a 2 —x* 


(31.) ws=(l+a:)vT^. 


du I— 3a: 
dx 2-/T=x~ 


(32.) k= . ^ 


du 3^ 
dx (1-**)S 
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OP ONE VARIABLE. T 
dH 2a? + 1 a 

- -= Zjj. 

rfa: V ar* + 1 

(35.) «=( ( ,^+i)2 + ( lc _ 6 )y^^. 

(36.) *J*.*-/ZZ=». fe_8i 8a»-4g_ 

3n rfa; 3a 2^03:— a? 

(37.) — «* a»_ -<■*(<!»— iW) 

2vVa?-a* sVe 2a?(a>— aS")t 



(38.) » 



9.) .=• 



_ (»! + »)« *< 
(«-«)*' * 

'a*-fl— 3: 



(40.) . 



Va?+\+x dx v / a*+l.(v / a?Ti+a;) ;i ' 

J^+a^ <fa_ 3a 2 +4«a?— a? 

^<P^£ <ia; — 6(o>+a*)t.(<i-a;)i' 

(41.) «=*<«!+«?) («*_ai>)4. <._ «'t.V-4^ 
t/a: Vd*— x> 

(42.) »=fl/ 2*- 1 -\/2x- 1 - v^iT=f - fc. in in£ 
ifa_ 2 

da: ^8a:— 3 

(43.) »=-^ ^L. 

1 £L * ✓r=i? 
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At_ 2gfl + (l-4af)*+iwf(l-4flf)-*} 
dx~ l+(l-4*)*-9af 



CHAPTER H. 

TRANSCENDENTAL FUNCTIONS OF ONE VARIABLE. 

du 

Jiu=enxx; =coa x. 



u=coax; 


— = — sin a;, 
tic 


u=tan x ; 




M=cota; ; 


?~= -(1 +odfte) = -cosec s s = 


«=seoa:; 


iw 

— =sec x. tana;. 


u=C03eca: ; 


— = — cosec x. cot a:. 
dx 


«=v. sin a; ; 


du . 
— =sina;. 

aa; 


w=log aa; ; 


du_a 

dx~x 




du 



E*. (1.) Let »=sm%. Then^=3»in».- s -=2»»*-«»»- 



OF ONE VARIABLE. 



(2.) tt=coam*. i.e. the cosine of the product of 
m and *. 



w=sin a *. coax, 
du 

—mx s X. (— ain*) + C08*. 3 ain 2 *. cos* 

= 3 ain 2 * cos 2 * — Bin 4 *= sin 2 * (3 cos 2 * — sin 2 *) 



=sin 2 *(3. 1— sm 2 *— sia 3 *)=3in 2 *(3— 3sin 3 *— sin 2 *) 
=sin 2 *{3— 4 sin 2 *). 
(4.) u=e x . cos*, e being tlie base of the Napierian 
system of logarithms. 
du dcoBx dtp 

= e*. ( — sin*) + cos*. e*= #* (cos x— sin x) . 

(5.) K=*.fl«»* 

=*.« 0 °"*(-aiii*)+e'«»-= e <»"*(I-« 8 m*). 



(6.) 



cos"* 



f/w _ cos"*, m sin ra - <* . cos* — sin" 1 *, n cos"- '*( — ain*) 
cos 2 "* 



coa"- '* cos™ 4 1 * 
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TRANSCENDENTAL FUNCTIONS 

(7.) u=c<y&- l x-</\—& 2 . This is an inverse function. 
Putaiv'l— ap—z. Then w=cos -1 s ; .'.cosmss 

mutt— -1 •— = — - 1 1_ 

dz ^ dnu -/l— cos 2 it v'l — 

1 



✓(1 -*»+**) (1-^) 
(8.) w=a (sin cos a?). 

^=a(cos3:-f-sina;). Squaring, we have 

" « 2 ( COT3 ^ + fi ^ 2 *+ 2ain i t!COa *) = 0l! (l+ 2aiEL * COaa! )- 

M 2 =o 2 (cos 2 ai+sin 2 ar— 2 sinarcosa7)=a z (l —2 sinajcos^). 

•••©= 2 »--» a - ■•■s-^ra 

(9.) «=(log<r»}~ 



and ••«=log«", .. -j-= — - — = — 
° dx x" x 

Hence - 1 - = — -~=mz m - 1 --— — - ■ 

dx dz dx x x 
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11 



(10.) l0g«: 



dx it 



du 1 




u 



"da aP-Zl+x 2 
(11.) u=xe^~\ 

log u =log a; + tan- 1 ar . log e 

=logar+tan- , a:, v loge=l, 
du 1 1 1 _l+s 3 -f-* 



Since the denominator is constant, and since the differen- 
tial coefficient of ef is tw™, 

:.^=^j-~j{tie a *(o8ina;— cosfl7)+e°*(«coaa;+ainir)} 
=^~^r{a 2 ajix~ a cosa?+rt cosai-i-ainar} 



1 +3?+*" _ e ton "' J (1 + X + 



e lan * 



. du «>--''(H-»+^ 



(12.) ,=!=fei|£z£2S4. 



:= e"*. sin a?. 



12 



TRANSCENDENTAL FUNCTIONS 



(13.) «=log 



v'a— "fx 

dx ( v^— V^) 3 Va+ 

y a— v^r+ v / a+ -fx 2va -/a 

2v / J(v / o-Vj)(v / a+A) 2i/J(«— a:) V / a-(a— ar) 

(14.) u=a"'+*. 
log ?(=c* ,+ *. log a. 
log (log m) = (a 8 + «) log c + log (log a) • 

Put jr=loer i/, then ^=-= — 

log z=(a?+x) log c+log (log a), 

■■■ 

— .-=loge(2*+l). But «=«*•+*. log a, 
j-Ur. log c (2*+ l)=loga. log c. c*'+< (2x+ 1). 



dx dx dz 



>+!). 



(15.) tt=siiu!\/ —1 — coea:. ^=0080;^ — l+sinar. 
(16.) w=coa(sina-). ^= — eoe.r am («in ,r). 



(17.) »= 



(18.) «=,-»*. ^.'"-.cos* 



OF ONE VARIABLE. 



(19.) u^-'\^. 



(20.) u an ,y ^ v^-m 1 ) {P-s<) 

(21.) «=cOBa:+cos23;+co33a;+ Ac. 

(sin* + 2sin 2z + 3siii3a;+ &c.) 

2m(nijr+a) 



1-a! 



(22.) M=cot '(mar+a) ; 

(23.) w=tan' 

(24.) u^-'^fB- 
v j„ a 

(25.) «= ^1— a^+sin-V. 

(26.) u=cosec _1 nw£ 

(27.) u=log(ain^). 

(28.) u=sin(logjr). 

(29.) «=log. 



dx (mx+a)*+l 
dx~ 



dx 2(l+x)-/bx+a 
du_ /l — x 

du 2 



-=-cos (log a;) 



/l+x 2 



(30.) M =(log)» a 



du_ I 

dx x loga; (log) 3 ;r . . . (log)"" x x 



* This expression means the n' h logarithm of x, not the n th power of 
the logarithm of jr.. Log (iog.r), which meana the logarithm of the 
logarithm of x, might be written (log)*x. 



OigiiizedBy Google 



14 TRANSCENDENTAL FUNCTIONS. 

(31.) «=loga-log( a -V£W). — = 

da xv d £ ~3? 

(32.) w=logV sinar+logv^cosj;. ^=cot 2x. 

du_ •/x+a 



(33.) B=I«g{jf+vW} + 
(34.) «=loff 



tic x-/x — 



(35.) «=a» ^=:c*(loga;+l). 

/nni w. rfu oH*. logo 

(36.) «=a lo 8'. 2_. 

dss SB 

(37.) w=iF^. J=^.^jlogtf(logtf+l)+I}. 
(38.) |= 
(39.) zi=e oa, cosrar. ^=e°*(acosw— rsinrj?). 

(40.) ^-.(£^£±1). 

(42.) u=ef Bt (smrx) m , ~=ef"(dmrx) m ~ 1 (amnrx+mrcosrx). 

(43.) S' log^aogC'tlog)-., - 
(44.) M=yteo#", y being a function of x. 
^=tana-^+«ya*- 1 secV. 



SUCCESSIVE DIFFERENTIATION. 



(45.) u=z^, 2, v, and y being functions of x. 

(46.) u=xz+sia.z+azcoaz, x=a—acoaz. 

du /2 a — xvt 

dx~\x~~I ' 



CHAPTER. III. 

SUCCESSIVE DIFFERENTIATION. 

Ex. (1). Let V,=X». 

Differentiating, we obtain the first differential coefficient, 

—=nx*\ 
dx 

Differentiating, we obtain the second differential coefficient, 
—=n(n-l)x* \ 



Differentiating as before, we have the third, 
tl'u 
A? 

d'u 



=n(»-l)(n-2)i"-". 

„(„_l)(„_2)(„-3)»—. 
=»(»-!) (»-3) . . . . (n-T^i)'-. 



It must be borne in mind that d'hi, dhi, d\ ic. d'u are 
merely symbols; and that dj?, dx", dst, (fee. da? are powers 
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Leibnitz's theorem. 



(2.) w=log;r. 

du_l d 2 u_ 1 d s u_ 2 

dx x dx 2 x 2 ' dx 3 X s ' 

d*u_ 2-3 ^ s j?_ 2-3-4 &c 

dx*~ x 4 ' daP~ afi ' 

(3.) «=«*. 5 =(l0ga)V - 



dx*~ 



(5.) u=e". 
(6., _}±t 



(i* 5 (1— a;) 6 

Leibnitz's Theorem, which ia useful in finding the diffe- 
rential coefficient of the product of two or more simple 
functions, may be thus enunciated, u and » being both func- 
tions of x, 

d T (uv)_ d T u dv d T ~ 



daf^ dxdx*- 1 ^ 1-2 d>? daf 



+ Ac. 



CHAPTER IT. 
taylor's theorem. 
This theorem may be thus enunciated. 

If u=f (x), and x take the increment k, 
,, „ du T dH k 2 d s u h s d n u A" 

+ &c. 



TAYLOR'S THEOREM. 17 

This theorem; written according to the notation of 
Lagrange, is 

/(«+i)=/(,)+/(«)j+/'(«)n+r(')i5j+fe 

In using it, if we take n terms of the series, the error we 
shall commit by leaving out the terms beyond the tfi 1 , will lie 

between the greatest and least values of / inl (a:+0A)^— j^-. — > 

which values will depend upon giving to 0 various values 
between (0) its least value, and (1) its greatest. 
Maclaurin's Theorem is easily deducible from this. 
Ex. (1.) Expand cos(#+A) in a series of powers of A. 

. d 2 u d a u . 

du 
S' 

A a A 3 
cos(#+A)=cosa:— sinar.A— cosa?- — ^+sina;^— g-g-r- < 

Cor. By making x~0, we have 
l-2 + 2.3. 

(2.) Expand shr'^+A), according to ascending powers 
of A. 

Let M^ain -1 ^, then — — — — = (1 — jc 2 )"*, 
dx v I— or 



j=-^ 1 -* 2 r J (-2*)=i(i-^)-»=- 

I=»-{-|(l-^-»(-2»)}+(l-^)-» 
_(l_y)"»{J«« + (l-^)}-2±^. 



18 taylor's theorem. 

Whence, by substitution in the theorem, 



(1-^)4 2 (!-*»)* 



2-3(1-^)4 
(3.) Expand \<3g(x+h) by Taylor's theorem. 

Letw=logaf, then— ~t^= « -nr— &c. 

rt& # aar a? (/ar ar 

"Whence, by substitution, 

A A 2 A 8 
log(*+A)=loga:+--^ r+ ^-&c. 

(4.) If «=/(*), show that 



/(if-J=» 



<k? 2.3(1+*)- 



(!+»)»' 



3+*°- 



»=/(*)• /(*+ J )=/(Tfi)- 

Substituting these values in Taylor's theorem, we have 
s( x \_ du a? 2 d 2 u x 4 
f \xlJi)~ U ~'di'T+x + d^'2{l +a-) 2 

_ , . 

(5.) If/(a;)=tan- 1 a; ) and we put rj ;=Eany, 

1 +x £ 



EULER'S FOBMULjE. 
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ortan 'a;=-— y, tlien, tan~ 1 (;r+A)=tan _ '.r+siny siny y 

A 2 A 3 
~ sin2ysin 2 y — +sin3yBin 8 y-jj- — &c. 

Now, since h may have any value whatever, put A= —x, 
y being an arc in the first quadrant ; then 
tan" 1 [x + A) = tan-' 0=0, 

.'. tan - V = siny siny • y -)- sin 2y sin 2 y ■ ~ + sin 3y ax?y~ + &c. 

But taaT 1 x=~ — y, and ir=cot«=-^^, 
i amy 

•'• |=y+ siny cosy + ^ sin 2y . cos z y + ^syi 3y co^y + &c. 

Si milar ly, putting h= — (x+~\ = : — ^ , we have 

\ x! amy cosy 

siny 1 sin2y 1 am3y 

2 cosy 2 cos^y 3 cos a y 

And, putting A = — -J\ + ar 2 , 

7r y 1 1 

2=2+&uiy+- sm2y+- sin3y+<fec. 

Hence, by differentiation, 

i + cosy + cos2y +■ cos 3y + Ac. =0. 

These formulae are deductions of Euler's. 

Taylor's theorem may be applied to find approximate roots 
of equations of the higher degrees. 

(6.) Show that Taylor's theorem comprehends the Bino- 
mial theorem. 

(7.) Expand sin(a:-f-A) by Taylor's theorem. 

h . A 2 A 3 
6m(*+A)=Bina:+coBa:-y— sin#— —cosjr— + &c 
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maclaurin's theorem. 



(8.) Show, by Taylor's theorem, that 

+ &C. 



9.) Show that taa(a!+h)=iaas+secPsj 
+ 2Bec^tan*A + 2aee?*Cl + 3taii>«)y^ + Ac. 



(10.) If M=oot _1 a;, show that 



h h 2 
cot _1 (#-{-A)=«— einM sinM-- + siii 2 « ain2u — — &c 



(11.) K/(*)=j~-, prove that 

Id 



l + t F+A_l + a, 0 f A , h 2 A 8 ^ i 

7=— + 2 {7T^ + (TZ^)3+^)4^' kc -}- 



CHAPTER V. ' 

maclaurin's theorem. 

This theorem, which is used for the development of a 
function according to the ascending powers of the variable, 
may be thus enunciated, U 0 , JJ X) V S! Z7 a , &c representing 

the values of u, ~. ~r^> & c - when x=0, 
ate do? ds? 

This theorem was first given in Stirling's " Linese Tertii 
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Ordinis Newtoniante." It is, however, generally attributed to 
Maclaurin, and is improperly styled " Maclaurin's Theorem." 
Ex. (1.) Expand (a-{-x) n , n being any number whatever, 

positive or negative, integral or fractional, rational or 

irrational. 

Let «=(«+#)", whence if x=0, U B =a". 
^=n(a+x)"- s , . . . . , U 1 =na n ~\ 

d*u 

— =n(n-l)C»i-2)(a+a:)"- 1 , £^ 3 = w(« — 1 J (« — 2 



in Maclanrin's theorem, we have 

+ tfec, which is the Binomial Theorem. 
(2.) Develop a'. 



Let w=a*, whence if #=0, tr,=fl*=sl. 

g=M««, U, = A. 

H-H 

^=xv, tr, = A 



* A is here put for the hyp. log. of base a, that ia, for the exprea- 
uon(a-l)-i{«-l)" + i(«-I)'-&c. 
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22 MACLAURIS'S THEOREM. 

Whence, by substitution in Maclaurin'a theorem, 
, , A 2 3? A** , . 

■which ia the Exponential Theorem. 

When;r=l, fl=l+loga+ic 1 °g a ) 3 +^3( lo « a ) a + lfcc - 

an expression for any number a, in terms of its Napierian 

logarithm. 

If for a we write the Napierian base e, we have, since 
loge=l, 

And, when #=1, 

(3.) Expand tan-'ar by the method of indeterminate coef- 
icients, 

w=tan -1 a;, whence if #=0, ?7 u =tan"'0=0. 

— — — - — = l_ a; 3+- c *_ aP+kc, byactual division. 
dx 1 +a? 

But (Maclaurin's Theor. Cor.), 

= 1— aP+x*— a*+&c; 
Equating coefficients of Hie powers of x, we have 
U l= l, U 3 =0 f £T,= -2, U,=0, tr e =2.3.4, &c. j 



maclaurin's theorem. 
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2-3 T 2- 3-4-6 



tan 3 « tan 6 u tan 7 M 
YtanM=tf, :.M=tanw -i — ^ ^ — h die, 

which is an expression for the arc, in terms of its tangent. 

By help of this and Machin's Formula, we may find an 
approximate expression for the length of the circumference 
of a circle. 

Let tana=~, A=ia, then A=i tan _ 4 ; 

5 5 

i i_ 

, 4tano-4tan s o 6 125 120 



1— 6tan»«-rW<i 6 1 119 
25 + 625 
120 

xr * ™ W-l 119 1 

No ' ta ^-«)=ta^3+I=120— =555- 

119 + 
1 



,<i 1 1 1 \ 

\5 3(5)» + 5(S)' 7(7)' + °7 
"(2I9 ~ 3(239)» + 5(239) s ~ & °')' 



* This is Machin's Formula. 
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a very convergent series, by which, taking seven terms in. 
the first row, and three in the second, we obtain 

w =3-141592653589793, 
which is the approximate length of the semicircle, the radius 
being unity. By taking three terms in the fir3t row, and 
one in the second, we obtain x=3-1416, an approximation 
sufficiently near for ordinary purposes. 

(4.) Expand secar, in ascending powers of x. 

Put u= sec x, whence if x=0, sec#=l, U g = 1. 

^^secirtana:, tan:r=0, C^O. 

ax 

dht 

= see#{ 1 + tan 2 a;) + tanar secx tana? 

=seca?+2seca7tan ;! j7, E7,=l. 

^-=sec^tanir+2sec^. 2taji#(l + tan 3 ;r) + 2tan 2 .rsee:rtana; 

=:5secartanic+6secartan 3 ar, .... Z7 S =0. 

d A x 

-£-j= 5 sec a; (1 + tan 2 a:) +5 tan# sec;r tanar 

+ 6 sec x. 3 tan 2 #(l + tan 2 .r) + 6 tan s ar sec x tan x 
=5seca:+28secaftan s j'+24secirtan 4 d;, . . U t =5. 
Whence, by substitution, 

(5.) Expand cix?x. 

Put u=coafa, whence if x=0, co£&r=l, . £7^=1. 
^=3cos 2 a:(— sinjF)=3sin 8 a;— 3sin^ f . . tr,=0. 

^-^=9sin 2 a;cosa:— 3cosj:, (7 a = — 3. 
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d s u 

-^=9an 2 #(— sinx) + coa;r.l8sjii.r COS:r+3ainar 

=3sina;— Dain^+lSfdnafcxjsV, . . . U s =0. 
•j^=dcosx— 27sin z j;co3a;+183iiix.2coa^(— ran a;) 

+ 18coa 2 :r.coa;r, V A =21. 

.•. s = 008 a a! =l__ +I - 5 - i _to.=l__ + - 5 to 

(6.) Develop according to ascending powers of a;. 

' Let »=(1 whence if *=0, (1 + ^)"=(1 + 1)", 

P,=2«. 

$!= 1 i(l + e')'->.e', !7,=»2-'. 

■^=n(l +fl*) n -V+e*.n(«— +e') B ~V; make *=0, 
^=»2— + »(«-l)2— , £r,=»2->(* + l). 

^ =» (1 +«■)—««+ «>. » (n_ 1)(1 +«•)-'. <!■ 

+n(n-l)(l + »-)- , .«'.2+^-.»(»-l)(»-2)(l+«')-".^; 
make x=Q, 

2=»2-'(n + l)+»(»-l)2— .2+«(«-l)(«-S).2" 

=»(n+l)2"+n(n— l^M-"!"— 2)2"~* 
=»2— {(»+l)2 + (»-l)2'+(n-l)(»-2)} 
=n2-"{2iH-2 + 4ii-4+n>-3ii + 2} 

=n2"~>{»"+3»} !/,=»S2"-"(«l+3). 

Whence, by substitution in the theorem, 

D 
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(7.) Prove that log(l + = 

Lettt=log(l+a!), whence if x=0, C r „=log(l)=0. 

( ^~~-=l~x+a?—a? i +z i —&c. by actual division. 
ax 1 + a; 

But (Maclaurin's Theorem. Cor.) 



r 2-3 

And, equating coefficients of like powers of s, 

S-3-4 ' 

.-. P,=l, !7,= -l, !7,=2, E^-2-3, £r,=2.3-4. 

Whence, by substitution in the theorem, 

ir 2 tf 3 X* 
log (1 +«)=»- ^ + j - y + A-e. 

Cor. "Writing — ir for x we have 

(8.) Show, by help of the last example, that 
, / « > 1 '1 1 ,1 1 

log (7=1) = S=I " 2 5=T?+3 5=1? - fa 



log(l+.)=»- i»»+^ 8 -to. (Es. 7.) 

But z= T — 1 = z - T ' 

a: — 1 x— 1 ir — 1 

• • l0 « W=i) =^=I - 2 5=17+8 5=17 ~ 
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(9.) If a„ and b a respectively represent the coefficients 
of in the expansions of u=f(x), and logw; show that 
na n =b l a n _ l +2b 1 a„_ 1 +3b,a n _ 3 + .... +nb n a 0 . 

Assume u=a„-k-a x x-\-a^ .... +o„a^, then 
du 

—=a, + 2a t x +na-x" , 

Ox 

du 1 a 1 +2a i x+3a i x q . . + 7ia„x n - 1 : 

— ~ — = diff. coeff. of log «. 

dx u a^a^+a^x 1 . . -fa,,^ 

Now log u^bv+bjX+btX* .... +b a x" 

.-. ^.I=J 1+ 24 s; r .... +nb n zr- 1 
ax u 

Hence a ' + 2a ' x LLU + ""-*"' 1 as ft 1 + 2 ^. . . 
flo+^iE+a,^ . . . +a n x a 

And, multiplying by the denominator, and equating coef- 
ficients of like powers of x, we have 

na n =b 1 a n _ 1 +2b l a n _ 1 +3b 3 a n _ s + . . . + nb H a v 
(10.) Develop sin# and cosar in ascending powers of a>. 
_. a? + _ a* 



1-2-3 1 1-2-3-4 
s* , x* 



1.2^1-2.3.4 
(11.) Prove Euler's formulce, 



2 

(12.) Prove De Moivre's formula, 

coswix+ v' — 1 sinma;=(cosa:+ •</ — 1 sinj;)™. 

4 fi 

(13.) Prove that (tana;)' 1 =^+- ; r 6 +^+&c. 

(14.) IfM=sin~V, show that 

sin 3 u 3 s sin s M 3 2 . 5 2 sin 7 M 
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(15.) Develop u=cotx by the method of indeterminate 
coefficients. 

. 1 * # la* 

(16.) Prove, by Mackurin's theorem, that 

(l + 2»+3i s )-*=l-»+2i»-|*"+|*»-io. 
(17.) Show that »rt=f & - ^ - *a 

(18.) Show that an(a+lx+cx 2 )=mia + lxcosa 

, 2e cos«— & 2 sin<i „ 6S<7sin.7-f-£ 3 cos<i , 
+ ^ * 2^ 

(19.) Prove that - £ - j^j - to 

(20.) If cosir-t-sinarV' — 1 =^""' = ', and # take the parti- 
cular value prove the two formulas of John Bernouilli, 
namely, 

a-= — ■/ — 1 . log ( — 1), and 

Implicit Functions. 
Ex. (1.) Given w B — 3u+x=0, to expand u in a series of as- 
cending powers of m. 
When x=0, m 3 -3«=0, ;.«=0 J .... ;.U 0 =0, 

_ 3^+1=0, t— ±~> ■ . . 0i=4 
dx dx dx 3 u- 1 — 1 1 3 
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du 

—2m — 



d 2 u 1 ~* u Tx 2 



da? 3(tt a — l) a 3"(M a -l)2'3( u 2-l) 
2 u 

1H^ M „ , „ ,,„„.(/« 



2 -5«'-l -1 2 .,2 

9' (» a -l)<'3(«2-l) _ 27 (o>-l/-- "'-27' 

l>._ 2 (» 2 -')'l""5-(5»'+l).5^-iy.2»g 
27' (w 2 -l)K> 
_20 -4»'-2« 48 2a'+-< 
- 8l" - 8l'(#-l)' U ' =0 - 

d*w___4£ 22m 4 +19m 2 +1 40 
<U-~ 243' ' U ' = 243' 

Whence, by substitution in Maclaurni's theorem, 



(2.) 2a 3 — m— 2=0; expand M in a series of ascending 
powers of x. 



(3.) ««--=6*;showtliat«=2+i_I ** 



(4.) tAc— 8u— 8*=0 ; showthatw= 
(o.)4m 8 ;e— u_4=0; show that w= -4— 4 4 ar-3(4)V-&c. 

D 2 
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(6.) a 3 — a?u+aux— a?=0 ; stow that 

*8 ff* . 
U = r ; ; — <EC. 

a 2 a* a* 
(7.) srnw=;rsin(ffl+w), show that 

« = rx + sin a y -f- sin 2 a ^ + 2 sin a (3 — 4 siu% ) j-y-jj + &c. 



CHAPTER VX 

EVALUATION OF INDETERMINATE FUNCTIONS. 

When the two terms of any fraction — contain a common 

factor, as x— a, and the particular value a be given to s, 
then, since ce— a will be equal to 0, the fraction will assume 

the form jj> and be ^determinate. 

Such a fraction is improperly termed a vanishing fraction; 
since its values may be finite, infinite, or nothing. 

"When the common factor is obvious by inspection, it may 
of course be removed by division. 

The method of John Bernouilli is to differentiate the 
numerator and deno mina tor, separately, until they do not 
vanish simultaneously by making x=a, and thus to deter- 
mine the true value of the fraction in that case. 

Pis— t£f* 

If the fraction be of the form £-j and m or n be a 

Q{x-a) n 

fraction, this method of successive differentiation will not 
apply, since, however often we differentiate, we shall never 
eliminate the common factor. 
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In this case we may put a ± h for x, expand both terms 
of the fraction in a series of ascending powers of h, and 
then put A=0. 

The process of evaluation of indeterminate functions 
enables us to find the sum of a series for a particular value 
of the variable. 

Ex. (1.) Knd the real value of the fraction 



Here P-aa?-2acx+ac 2 , 'Q=b&-Sbcx+b£, 

:. ^-=2ax—2ac=0 if x=c 
dx 

^=2bx-2bc=Q ifx=c 



ax 2 —2acx- ! r ac i 



when x=c. 



bx i -2bcx+bc 2 




j.-. the fraction = §f = £- 




a?-\-2x l x 2 

(2.) Let u= — — Find u, when x=\. 



Here P=a?+ 2x 2 -x-2, Q=j?-l ; 




(3.) f* =l, when*=0. 

x— smx 



co 8i r=l-l=0 if *=0, 
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r Jlni 



^£.=e r -^ DX {—B\nx)—cmx^ BX .coaa:=0 ifar=0, 



^-^=e*+ e" ni cosa:+ aina; a"" 11 , coaar— cos 3 ar a*" 1 *, cosa; 



+e*«.2coBiPsin*=l +1+0-1+0=1 ifs=0, 
(4.) „=(l—)to T =— = 7 when«=l. 



£? = _1 ^2= ?_, make (ten 



(Is . ,ir 1 2' " » i 

ffi 1 „ (< t2 —* 1 ) i + a - ir j^a Mj w hen x=a. 
1 -J («■-•»)*+(•-*)* 
Put x=a— h, then 

( 0 a_( a -A)i}i + 8-( a -i) 
" _ {o>-(«-4)'}*+ {«-(«-*) }* 
{2»A-A'}i+A 
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.„- **(3n-A)*+i _ (2a~h)t+ji 

Now, putting /c=0, we have u= ■ 
3*a+l 



_ see ? jr— COB.C I 1 — po sAc 1 — cobAc 

3*' _ cos; 55i — ' 

since the factor =1 when x=G ; 
cos^ 

<fP 3cosVsin* sin* 

T&= tT* =-5T" vcosW, when*=0; 



(7.) End the real value of , *~, 3 *j" a when »=1. 

a. J — 6^+8*— 3 

Ans. co . 

(8.) If«=lzE=f^^ W hen*=0, — 1 



(9.) , 'when ;c=(i, «=3a. 

v ax~ a 

, 1rt . je 8 — a z ;r— oa^+oB 

(10.) w= ~ z_ 0 ;j . when x=a, n=.Q. 

(11.) u=-t~£^-- u , wbmm=a, «=«/ 

(12.) «=— — , whenx=-> u=l. 

cot coaec # + 1 ■ 2 



(13.) w = -i when #=5. u= — 1. 
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(J5.) IfinlZ-f! a,=l,showthatl+ar+» 1 +..»"- I =». 



(16.) «= 



1-3! 

'l+a*'! — *»' 



(17.) .=!— ^y*^. whe„*=0, »=4. 



when 2=0, 



< ia > ^ESIT+J)' 

tanwa;— jt3! , n . 

(19 ^ u= > when #=0, « — 

1,13.; m— g^tanTr* 6 

when x=l, «=log ^ • 
when x=0, »=1. 



log a: 



2) V2aa! ~ 2 "=1, whan^a. 



when 3;=oo, m=0. 
when «=1, ;(=2. 



(23.) »=-. 

v 1— # logic 

(25.) w=arfl-*=0, whena?=co. 
Il 

4 a; ■ 
(26-) «=— • 

(27.) If ye*— a=0; show that when a approaches eo the 
limiting values of e~* and y are identical, and that the limit- 
ing value of y ia zero. 



when aj=0, «=— 
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(28.) 


log (tan 2x) 
log (tan x) 


when ar=0, u=l. 


(29.) 


2 

a" Ka"" 8 ' 


when «=o. 


(30.) 


s^-a 3 . r « 
«= -a ■ tan— . 
x 3 2a 


when m=a, u= — — • 


(31.) 


x—a. 


when «=a, K=ffl« OT . 


(32.) 


(,T-l) 3 +8in 3 (^-l) 4 


an 45°, when 2=1. 


(33.) 


W=<3 1 , 


when jc=0, w=e". 




anAr cos a: 
1— cosu; 


when #=0j w=2. 


(35.) 


If the fraction -J!-= 1—. 

/(«) »w 


assume the form, co — co 


when ! 


?=a ; show that this illusory form co — co , and also 



CHAPTER VII. 

MAXIMA AND MINIMA. 
ONE VARIABLE. 

If a quantity increases to a certain extent, and then 
decreases to a certain extent, its values at these limits 
respectively are a maximum and a minimum 

If it repeatedly increases and decreases alternately, it 
has several maxima and minima. 
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If it increases continually or decreases continually, it has 
no m aYipia or m i rifpa . 

Let u=f(x) ; then, to determine the values of x which 

render u a maximum or minimum, put ^=0 or co , and 
substitute the possible roots of the resulting equation in 
— j> then, if negative quantity, the value of % which 

dhi 

is substituted renders u a maximum; if ^£= a positive 
quantity, the value of x which is substituted renders u a 

A maximum or minimum can exist only when the first 
differential coefficient which does not vanish is of an even, 
order. 

If u = a maximum or minimum, then a u and — are 

a 

maxima or minima. Hence, before differentiating, we may 
reject any constant positive factor in the value of a. 

If «=a maximum or minimum, then «" is a maximum or 
minimum if n is positive ; but when w=a maxim um u' n is a 
minimum, and when w = a minimum u~" is a maximum. 
Hence, before differentiating, we may reject a constant 
exponent. 

If it — a maximum or TninimnTn , log m is a maximum or 
minimum. Hence, when the function consists of a product 
or quotient of powers or roots, we may use the logarithms. 

Ex. (1.) Find when a?— 5^+5 j^+l is either a maxi- 

Let u=x i —5x i +5x i +l ! then 

< ~-=5x*-2Qa* + I5x 2 , and putting this =0, 



a?(a?-ix+3)=0, 3=0, 3?-iw+5=<), 
ar 2 -4x=-3, #=3, *=T, 

^^=20a.' 3 — 60j^+30j7, and substituting succe* 

the values of x, (0, 1, 3) in this expression, 

-j~^=0, from which we can infer nothing, 



— i =540— 540 + 00=+E>0, which indicates a minimum. 

Hence, when «=2, a maximum, 

and, when x =3, u= —26, a minimum. 

(2.) If w= V iaPaP—Zax 3 , ascertain those values of a: 
which make u a maximum or minimum. 

Rejecting the radical and the common, factor 2a, put 

u=W-aS ^=4o«-3^=(4*-3a:),*=0, 

(13! V ' 

.-.4«-3o ; =0i x=0, .\«=^ x=0, 

! 

£■*-« -+«- 

_ 4» Ai^ 128a* /Sis' 
Heoce *= T make, «= y -j |f -= y ^ 

amammim, 
a;=0 makes U.—0, a minimum. 
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(3.) Determine the maxima and minima values of the 

a? 

1 1 + a? 
Putting u=-> we shall have »= • 

d*9_ as>.2x-{x*-l)2x _2a>_2 . 
dx*~ x* ~x i ~x i ' 

.'.4-1;= +7* which indicates a minimum, 
dx* 1 

2 

— = > maximum, 

dx 2 1 

1 1 

*, m=- — j = 2* a maximum, 

_ -1 _ 1 
""1 + 1" 2' 
(4.) Divide a number a into two such parts that the pro- 
duct of the m a power of the one and the n" 1 power of the 
other shall be the greatest possible. 

Let x, and a—x be the parts, then 
u=x m (a—x) n . 

=x m ~ l (a—x) n ~ l { — xn + (a— x) m} 
=x*~ l (a— a)"" 1 {ma~(m + n)x}=0 ; 
„ ma 

:.x—v. x—a, x= 

m + n 

Or thus, log u—m loga:+n log (a— x), 
du\ m n da /am—mx~nx 



• a min im um . 



MAXIMA AND MINIMA. 



(a —x) X ' 
am 

:.x=.0, *=«, x= 

m + n 

Now the values 0 and o may be rejected, since there can 
be no division of the line if x=0 or a. 

Hence, differentiating again, and substituting **™ in 
the second differential coefficient, we have 
d 2 u 

— -=— (m+n). which indicates a maximum, 



(5.) If m= sin'* cos*, show that w is a maximum when 
; =60°. 

dx~~ 

=3 sin 2 * cos 3 *— sin^^O, 
.■. 3sin s * cos 2 *=sin 4 *, 3 cos 2 *=sin 8 *= 1 —cof?x, 

:. 4coa 1 *= 1, cos*=i> .". *=60°, 

-j^=Zan 2 x. 2 cosir (— sin*) + 3 cos 2 ;c. 2 sin* cos* 

— 4 sin 3 * cos*= — 6 sin 3 * cos* + 6 sin * cos 3 * 

— 4 sin 3 * cosa:= — 1 0 sin 3 * cos* +■ 6 sin x cos 3 *. 

XT ■ ^ • i 3 ^ 

Now sin*=-jj-. .'. sin a *=— ^— > 

d 2 « 30^3 1 6^3 1 24 - 
.._= __._ + __._ = _ I _ v ^, an egatiY e re«ult, 

3^3 1 3 - 
- — -=-vj, a maximum. 
8 J 10 
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(6.) Divide a number n into two such factors that the 
sum of their squares shall be the smallest possible. 

Let x be one ■factor, - the other : then 

x 

du _ 2« 2 n 

:.a;=^r,' x*=n 2 , ot= */n, 
d 2 u Gn 2 6w 2 

— =2 + -^ r =2+-^-=2 + 6=+8, a positive result, 

.". u is a minimum. Hence the sum of the squares will be 
the smallest possible when the factors are equal, each being 
the square root of the given number. 

(7.) Into how many equal parts must a number n be 
divided that their continued product may be a maximum 1 
Let there be x equal parts, then 

- is the magnitude of each, and 

it= ^-J is their continued product, 

log 4i a x log Q ss* Qogn— logo), 

^ ls=»..f— -) +logn— <logai=— 1 +log»— logx, 
ax u \ xi 

~ =w{ —1 +logn— logs} =0, 
.". fogaj=logn— l=logn — loge=log("), .'. x="* 

= (as) ( _ i) "H® = **(~ ~)> a negative result, 



MAXIMA AND MINIMA. 

(8.) Show that -- SmX is a maximum when a:=4o°. 
1 ' 1 + tana; 

du (1 + tana:) coaa:— sina: (1 + t&i&x) 

dx~~ (1+tana;) 2 

coy x -(- sin x — ain x — sin a; tan 2 x 
~ (1 + tana;) 2 

cosa;— sina;tan 2 a; 



(1+ tart a;) 3 ' 
.'.aiaxtajPar—cosx, -— — -.tan 2 £r=l, tan 3 #=l, ;,x—&5°. 
d 3 u 3 j- 

-j-j = — — V2, a negative result, 



1 + tana; 

(9.) If a be the hypothenuse of a right-angled triangle, 
find the length of the other sides when the area is a maxi- 

Let x be one of the other sides, then 
•J a 2 — a! 2 is the remaining aide. 



Now, rejecting the constant we may take 

{a 1 ~x?)=a l x t -x i , 

^=2d 2 x-i a ?=2x(a?-2a?)=Q, .\*=0. x=~> 
dx S2 

-—^=:2a ! — \2x t =2a 2 — 6a 2 = — 4a 2 , a negative result, 

;. k is a maximum, and the area is a maximum when the 

two sides are each 



E 2 



L'l 1 1 Z.'"J b, 



(10.) "What fraction exceeds its power by the greatest 
number possible t 



<lx* 

.'.m is a maximum. 1 

vn 

(11.) Within an angle BA'C a point #* is given, through 
which it is required to draw a straight line so that the 
triangle cut off by it shall be the smallest 
possible. 

Let PJf-=a, A N =b, A D = x, then 
ND = x - 6, ND: PN AD : A E or 

x—b :a;.x: AE, :.AE=- 

x — o 

1 1 nx 
Now area A.DAE=-AD-AEsinA=-gv -sin .4, 

_ x 3 du_ (x-b)2x-x 2 _x*-2bx_ x(x-2b) _ ri 
" U ~x~b dx~ {x-bf ~ (x-bf ~ {w-.bf ' 

.-. x=n, 

d*u_ (x-by. (2x-2b)-(x>-2bx).2(x-l) 

(x-by 

_ 2(x-by~2(2?-2bx) _ 2b* _2^_ 2 
- (a._i)8 - (*-JJ» S»"- + y 

a positive 'result, .'. the area is a minimum. 
Since A J) = 2 AN, ;.DE = 2DP, :. the line must be 
so drawn as to be bisected by the given point P. 
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(12.) From two points A, B, to draw two straight lines to 
a point P in a given line ON, so that AP+BP shall be a 
minimum. 

Let 0 be the origin of co-ordinates, and the given line the 
axia of x. 

Let OP~x, and let -the co-ordinatea of A be a, b, and 
those of B be a„ b t . Then » 
AP= VAAP+PM*= Vbi+{x-af, \\/ \ 

£P= PIf 3 = ■St, l 2 +(a,-xf J * " 

:.u=AP+BP= •//, :i +(x-af+ Vb? + {a,~ xf, a minimum, 
=0, 



-/p+(x-af Vb?+ {a-xf 



" </p+{x-(ty */b? + {a,-xf 

»■ 

(13.) If the length of an arc of a circle be 2 a, find the 
angle it must subtend at the centre so that the correspond- 
ing segment may be a maximum or minimum. 

Draw C D bisecting the arc, and let x be the 

radius, then — = L A CD. 

Now area segment A Z>B= sector A CB— A ACB 

=i rad x arc— ^a^sin ACB 

1 , . . ACB ACB 
=ax- 1 x>.^~™ — 

<> ■ a a 
:. u=ax— x 1 am - cos -> 
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— 2x sin — cos — 
x x 



—a— a sin 2 - + a cos 2 x 2 sin- cos - 

x x xx 

„ a „ . a a 

=«— a + 2acos 2 arzsin-cos- 

x xx 

a I a , a\ . 

=2 coa- « coa jrsin-l 

x \ x xl 

Take cos- = 0, :.-=-' *=— > and the segment is a 
x x '2 ir 



Take a coa - = x sin - 



and w 



(14.) "Within a given circle to inscribe the 
celes triangle. 

Let radius 0A=a, AB = AC=x, 50-2, 
AB-AC-BG +9 

BD=y. ThenA = 



Also A = — I — = 2 y 



;r*=4oV— 4aV, 4«V=4a 2 a? 2 — sc 4 , 2ay=x^ia 2 ~ 
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Now A = •— x 2 u= — it 3 -— x-J 4a 2 — x 1 , a maximum. 
2a " 2 a 2/a 

Put w=a*(4o 2 -a^=4oV-^ J 
^=24aV-8^=0, /. 8^=24«V, 
a^So 3 , :.x=a-/l, 
£C=2y=^a-/H*/la*-3a 2 =a-/Z, and A is equilateral. 

(_15.) Of all equiangular and isoperimetrical parallelo- 
grams, show that the equilateral has the greatest area. 

The perimeters of the figures teing all equal, the perimeter 
of each may be considered as one line, and the proposition 
then resolves itself into the following. " To divide a given 
straight line into two such parts that the rectangle contained 
by those parts shall be the greatest possible." 

Let a be the line, x one part, then a — x is the other, 
x(a— x) is the rectangle, and u=ax—x s , a maximum. 

^=a-2x=Q, .-•*=£• 
ax & 

:. the line must be divided into two equal parts, and the 
parallelogram will be equilateral. 

(16.) Of all triangles on the same base and having equal 
vertical angles the isosceles has the greatest perimeter. 

Let a be the base, a the vertical angle, x and y the two 
sides, then u =a+#+y=a ma xim um. 

^=1+^=0, .-.^=-1, 2** 
dx dx ax 

2cosa-^^-f-2yoosa=2a;+2y^; —xcoBa+yooaa=x~y, 

:. —(x—y)coBo.=x—y, :.x—y=Q, 
;. x=y, and the A is isosceles. 
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(17.) The segment of a circle being given, it is required 
to inscribe the greatest possible rectangle in it. 

Let BAD be the segment, radius — a, r,-— r — 
A M=x, draw A C through the centre per- ^ /j ■[ jN^ 
pendicular to PM or BD. Let AC=b. 

Then PM 2 =(2a-x)x, Euc. B. iii. p. 35. 

:.PM= VZax—x 3 , MC=b-s, 
Area rectangle —310-2 PM= 2(b-x)^2ax-3p. 
Put u^b-xf-^ax-x 2 ), 
^=(b-xy(2a-2x) + (2aa-x 2 )-2(b-x){-l)=0 

:. (4—*) (a-x)=2ax-x 2 , al-ax-bx+J^tax-x 2 , 
3a + b ab 

2x 2 —(3a + b)x=-ab, x 2 — a;= — , 

3a + b+^9a 2 — 2ab+b 2 
••*= 1 

(18.) To cut the greatest parabola from a given light 

cone. 

Let BD=a, AD=b, BC=x, CD: 
Thau v BN-DM is a circle, and MC=NG, 
:.MC 2 =BC-CD, MO- Vx(a-x), 
MN=2 */a~x~=x*. 
Also BD : AD :: BO : PC, 




Area parabola=| PC-JfA r =! —-2 -/ax— x 2 , a maximui 
Put u=x 2 (ax-x 2 )=ax s -x i , 

.'.ia^—Zax 2 , x=-a. 

tf 2 W 9 , ....... 

-= n which indicates a maximum. 

ax 2 4 
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(19.) Within a given parabola to inscribe the greatest 
parabola, the vertex of the latter being at the bisection of 
the base of the former. 

Let BACbe the given parabola, L its latus rectum. 

AD=a, BD—b, DN=x, FS=y. A I 

Areaparabola=|-2PiT.Jv-i)=|.2j«. irAi 

Now v the square of any ordinate to the axis = the rect- 
angle under the latus rectum and abscissa, 

:.f=L.AN=L(a-x), V=L-AD=L-a, 
a-x b 

y=- 

_i_ 

~3 -Ta 
Put u=x>(a-x) = ax'-x>, 

dx 

(20.) Inscribe the greatest cylinder vathin a given right 
cone. 

Let ABC be the cone, AD=a, BD=b, DN=x, FX=!/, 
AN=a-x. 

Volume of cylindei 



AD 

y=i(a-x), .'. cylinder =,~(a-*)'j:. 
Put u—{a— xfx^x-^ax^+x 1 , 

^=a"-4<u>+3i3=0, :.3x>-iax=-a°, x=a or ; 
dx o 
b , a\ 2 , , . j ib' a UaV 

*=-i\"-y = % h ' =7ta>der=». T -5=— 



48 

(21.) If the volume of a cylinder be a, find its fi 
it9 surface is the least possible. 
Let AB = x, BC=y. 
Surface = convex surface + 2 area of base 



Volume =a=BC' i - T AB—- 



Hence «=7T — - 9 y + aV 2 = bJ s > 

dy T * 

64«»_ 64o s _4» . 

■ iy-T~ 16 »'~ » ' " 

or altitude = diameter of base. 
^=^+*=^+x=+3x 3 a positive result, 

.'. the surface is a minimum. 
(22.) The latitude of a place and two circles parallel to 
the horizon being given ; to determine the declination of a 
heavenly body, whose apparent time of passage from one 
circle to the other shall be a niinimum. 

Let P be the pole, Z the zenith, S, S, (3ie positions of the 
heavenly body on the parallel circles, the polar distances 
PS, PS, being equal, 

L ZPS=P, ZPS„=zF„ polar distance PS or PS,=x, 
arc ZS~a, ZS^—a,, latitude declination =3; then. 
V the passage along the arc SS, is the shortest possible, 
.*. the angle SPS,= a rniniinnm, 



OigiiizM By Google 



MAXIMA AND MINIMA. 

, dSPS, _ d(P,-P) _ Q m dP,_dP 
dx dx ' " dx das 

But — - C ° tS > — '— C ° tSl 
dx sin a; dx einx 

cotS_cotS, m 
" ainx sina: 




ainasma; sin a, sin a; 

_ sin/— cos» cos;r_sin?— cosn, cosx 
sin a sina, 

1 / 

cos-(a,+a) 
coax= ■ sin I. 

COB ^ («,-«) 

• the declination is the complement of the polar 
sin/. 



cos- (a, -a) 



Cor. If a=-> and a,=~+2d, this expression becomes 

sin<i=— tan<£sin/; and if the heavenly body be the sun, 
and 2d=18 0 nearly = big depression below the horizon 
when twilight begins in the morning or ends in the evening, 
we are enabled to determine the time of shortest twilight by 
means of the analogy rad : sin lat :: tan 9° : —sing, where 
the negative sign indicates that, if the latitude be north, the 
declination will be south, and vice versa. 

(23.) The centres of two spheres (radii r„ rj) are at the ex- 
tremities of a straight line 2 a, on which a circle is described. 
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Find a point in the circumference from which the greatest 
portion of spherical surface is visible. 

Let x and y be the distances of 
the point from the centres of the 
two spheres; draw tangents EA, 
EB, ED, EF; join AB, EE. 

Then, of the sphere G the portion 
visible is the convex surface of the 
segment A MB S, whose area = height US x circumference 
of the sphere. 

r 2 

Now it : r x :: r, : CS, :.CS= — > /.height of segment 

mi 

=r x =HS, circumference of sphere = 2 -kt x , 

'.2irr l {r l — — J =visible portion ofsphereC; and similarly 

2xr s ^r,— — J = visible portion of sphere c. 

Hence 2ir|r 1 (r i — ~) + r *{ r *~ -^-jj=whole visible surface. 

Put u=rf- ^ + r, 2 - ^. then 
x y 

du_r£ ^ *dx_Q _ r*_ r, 3 dy 

dx 3? y 2 ' " x 2 y 2 dx 

ButyWi^W, .•.&=--—£—. 

dx v 4 a 2 -— x 2 

,.3 - 3 » „3_ 

Hence 



x 2 4a 2 -^ ^4a 2 -^ (4a*-* 3 )* 
:. r?{ia 2 ~i?fi=r?3*, r 1 (4a»- < r 1 )*=r rf p ) r J 2 (4o 2 -» 2 )=r 1 V I 
4a 2 r 1 *-r l V=r.V J ^i^X-, g= , 2art • 
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(24.) Of all ellipses that can be inscribed in a rhombus 
whose diagonals are 2m and 2n, show that the greatest is 

that whose major and minor semi-axea are and 

respectively. 

ABC'D the rhombus, OC—m, OB=n, 
a and b the semi-axes of the ellipse. 

Let OJV=x, NP=y. Then by the 
properties of the ellipse 
OC-Oy=a 2 , OB-NP=&, ojm-x=a\ 

.*.-5+T5=^+-^=l i ■ • • (1), where a and J alone 

must be considered as variables. 

But, area ellipse =xaS= a maximum. 
Rejecting the constant and differentiating this and 
equation (1), we have 

, db a b db . 

da m 1 n 2 da 



a _ 1 1 . ^_ j« ^_ n 

m -S2 n ~~-/2 -f% 

(25.) If 14=^—8^+22^— Hx+ 12, find the values of x 

which render u a maximum or a minimum. 

Ana. When x—Z, u is a minimum, 

x=2, u is a maximum, 

x=l, u is a minimum. 

(26.) Find when X s — 6a^+9*+ 10 is a maximum, and 

when it is a minimum. 1 , n „ 

When x=o, it is a minimum, 

X= 1, m is a maximum. 
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(27.) Find the maxima and minima values of the function 
»=3o a 3 8 — Mr+e 6 - 



— 3a 

(28.) m=t— - — -; J ascertain when « is a maximum and 

when a minimum. a 

When a= —a, u= — ^' a """""""i 

&= + a, m=co , a maximum. 

i 

(29.) k=j^j find when u is a maximum. 

*=e=2-71828 <tc 

(30.) «=t— — determine when w is a maximum and 

when a minim um se— —2, w=oo, a maximum, 

x=0, M=6f, a minimum. 
(31.) u=*+Sa'-2k3;+a?; when is w a maximum 1 
a 3 a 2 
When #=2j' M= 2"J+^' a maxu num. 

(32.) «= — - - ? show that w is a minimum 

when a;= ,y/ — 

(33.) u=aecx+coeecx ; show that u is a minimum when 



(34.) In a given triangle to inscribe the greatest paral- 
lelogram. 

Am, Side of parallelogram = £ side of triangle, 
(35.) A column a feet high has a statue on the top of it 3 
the height from the ground to the top of the statue ia h feet ; 
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find a point in the horizontal plane at which the statue sub- 
tends the greatest angle. /~r r x. c iL . 

Ana. v ao feet from the base. 

(36.) Show that the difference between the sine and 
versed sine is a maximum when the arc is 45°. 

(37.) Let AC and BD be parallel, and join A ; 
AD; it is required to draw from C a straight 
line so that the triangles EOD, AOC together 
shall be a minimum. o' 

Let AC=a, AD=h, AO=x; then x= -Sb. 

(38.) The base and vertical angle of a triangle being given, 
show that when it is isosceles its area is a maximum. 

(39.) A farmer has a field of triangular form, which he 
wishes to divide into two equal parts by a fence ; find the 
points in the sides of the field from which he must draw the 
line, for his fence to be the least possible expense to him. 

Ans. If a, b, c be the sides, the distance of each point 



from the angle C is a / -s-j and the length 

of tie fence b a/ { — +2<£±3 . 

(40.) If the greatest rectangle be inscribed in an ellipse, 
the greatest ellipse in that rectangle, again the greatest rect- 
angle in that ellipse, and so on continually ; Bhow that the 
sum of all the inscribed rectangles is equal to the area of any 
parallelogram circumscribing the given ellipse. 

(41.) Prove that the greatest area that can be contained 
by four straight lines is that of a quadrilateral inscribed in a 
circle. 

(42.) Inscribe the greatest ellipse in a given isosceles 
triangle. ^ ^ Major axis ==^ altitude of triangle. 

P 2 
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(43.) A tree, in the form of a frustrum of a cone, is 
n feet long, and its greater and less diameters are a and b 
feet respectively ; show that the greatest square beam that 

can be cut out of it is ^ oa S- 

(44.) Describe the least isosceles triangle about a given 
circle. The triangle is equilateral. 

(45.) To inscribe the greatest right cone in a given sphere, 
■whose radius is r. 

Distance of base of cone from centre of sphere = ^ - 

(46.) If the polar diameter of the earth be to the equato- 
rial diameter as 229 : 230 ; show that the greatest angle 
made by a body falling to the earth, -with a perpendicular to 
the surface, is 14' 58", and that the latitude is 45° 7' 29", 
See rig. ex. 9. page 84. 

(47.) In a parabolic curve, -whose vertex is A, and focus 
S, find a point P, such that the ratio A P : SP shall be a 
maximum. AP : SP :\ 2 : 

(48.) Inscribe the greatest parabola in a given isosceles 
triangle. Altitude of parabola =j altitude of triangle. 

(49.) If in a circle, whose radius is r, a right-angled tri- 
angle be inscribed ; show that, when a maximum circle is 
inscribed in the triangle, the area of the triangle is r 2 . 

(50.) Inscribe the greatest cylinder in a given prolate 
spheroid. 

(51.) Required the maximum and minimum values of tt 
in the equation u a — o a jr+^ s =0, 

(52.) u= j find the maximum and minimum values 

cos"* 

of tt. 
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(53.) Show that the greatest paraboloid that can be in- 
scribed in a given right cone is ^ of the height of that cone. 
(54.) u=x 1 ~ h * x ; show that when u is a maximum, 




(55.) Find that sphere which, being put into a conical 
vessel of given dimensions, will displace the greatest possible 
quantity of fluid. 

(56.) Two circles of given radii intersect each other ; find 
the longest straight line which can be drawn through either 
point of intersection, and terminated by the circumferences. 

(57.) If a tangent to a great circle of a sphere measure 5^, 
and a perpendicular to a tangent meeting the great circle 
measure 4 feet ; show that the volume of the sphere is to 
the volume of its greatest inscribed semispheroid as 27 : 16. 

(58.) Find what values of x make {x— 2) (x+3) (5—x) a 
maximum or minimum, and distinguish the one from the 



(59.) Inscribe the greatest cone in a given hemisphere 
A BO, the vertex of the cone being at A. 

For other examples and solutions see chap. xi. 

IMPLICIT FUNCTIONS OP TWO VARIABLES. 

If u—f{a:, y), u being an implicit function of the two 
variables x and y, by putting ^ = 0, we shall find the 
values of x which render y a maximum or minimum . 



other. 
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= 6x. Differentiate the given function with 

y, considering x constant. 
-=3y 2 . Substitute the values of x in u. 
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if the result he positive, y will be a maximum ; if negative, 
a minimum. 

Ex. (1.) Let u=3?— 3a 7 x+y*=0; determine the maxi- 
mum and minimum values of y. 

Differentiate with respect to x, considering y constant. 

^=3*a-3a2=0, :.a?=a 2 , x=+a, x=-a. 

dht_ 

respect to y, considering x constant. 
du_ 
dy 

a 8 -3a 8 -|-y , =0, ;.f=2a*, y=aV2, 

—tfi+3efi+y i =0, :.y*=— 2a 3 , y=-aV2. 

d 2 u dy 6x 6a VI 

.". ; =— = -= -] j a positive re- 

dx 2 dx 3f 3a 2 . 2* a 

suit, ~.y=a V% is a maximum. 
d 2 u dy_ 6x_ -6a _ V2 
dx*~ dx~Jy*~ 3a 2 . 2* _ a ' * ™ 
suit, :,y=— g.V2 h a minimum . 
(2.) u=x 3 —3axy+y s =0 ; show that when d?=0, y=0, 
a minimum ; and when x=aV2, y=aYi, a maximum. 

(3.) ixy — y 4 —x 4 ~2- ! show that when x= +1 or — 1, 
y= + 1 or — 1, neither being a mavimiim or minimum. 
(4.) y 2 ~3=-2x{xy+2); show that when #=l,y= -1, 

neither a maximum nor a minimum ; but when x= — ~ > 
y—2, a maximum. 
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CHAPTER VIII. 

FUNCTIONS OF TWO OR MORE VARIABLES. 

If n=f(x, y), x and y being two variables independent 
of each other, then 

d 2 u d 2 u d 3 u d 3 u d s u d 3 u 

dydx dxdy dy' 1 dx dx dy 2 dy dx 2 dx* dy 

In a function of any number of variables, the order of 
differentiation is indifferent. 

The total differential of two variables is equal to the sum 
of the partial differentials ; or if «=/(*, y), 



1-2 daf-^df 

d 2 u 

Ex. (1.) Let u=x & y 2 ; find du, and -= — - • 
v ' * dxdy 

To find the partial differential coefficient , consider 

y constant, and differentiate with respect to x ; and to find 

(<j^)' ctma ^ er * consfcant J differentiate with respect 

t<?y. 
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To find or -^7-' differentiate considering 1 

dydx dxdy \<>x/ 

constant, or differentiate i^j considering y constant. 
iu= (J) dx+ Q dy=3x>y>dx+1yai>dy 

' '' w ap—y 1 ' dydx 

idu\ {x*-y*)-2x-(x>+y r )-2x . _ W . 

d'u (- 2 J) 
dydx- (°?-f? 

8jy (i'-v') + 16iji a _ 8«V + 8»>' 

= - y=iy 

X*+y> _ d'll 

= -**> ^yy-liTy' 

x d 2 u 
(3.) «=on-'-; Snd<i«, »» J 



1 1 



MORE VARIABLES. 



Again mtu=— > consider x constant. 

du a: 
ay y 2 



Hence i« = g) <fc + (g) <fj 



,dy) fcoau yVl— sin s w 
•du\ idu\ 



1 



"vV-s" y/y>-x> y-/~f=2 
V 

u _ •/y 1 —a?_ —y d 2 u 



dydx j.'-** ly-^l dxdy 

(4.) w = a i find (Zw, and show that 

(i'n _ 8» _ d'lt d'u _ ixyz _ d'u 

dxdy~a'-z'~dydx' dxdz~ (tp-zf~ dzdx' 
A JA _ d'u 

ft 4u _ <i'a _ 
dxdydz (a 3 — 2 2 ) 2 dzdydx dydxdz 
First differentiate considering ^, ^ constant ; then consi- 
iering x, z constant ; and lastly considering x, y constant. 
du_ 2zy du _ a? du_ 2x*yz 

H~a^y 2J~a*=z>' di~{a'-z*f 
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dil 2 XII 

d 2 u _ 2x 
dxdy a 2 ~z 2 

du_ x 2 
dy a 2 —* 2 

tPu _ 2x d-u _ 2x _ d*u_ 

dydx aP—z' 1 dxdy a?—z' 2 dydx 



Consider x. z constant, and differentiate. 



Consider z constant, and differentiate. 



Consider x, y constant, and differentiate. 



d?u _ — 2xy- (—2z)_ ixyz 
dx~dz~ (a 2 -z 2 ) 2 ~{aZ-z*f' 



_ ... — Considers, ^constant, and differentiate. 

dz {a^—z^y 

d 2 u ixyz d 2 u ixyz d 2 u 

d7dx~(a?-z 2 Y' e d7dz~(d*-z 2 y~d7dx' 

Again a -f^_ 2 ' Consider x constant, and differentiate. 

d*u _ ~x*-(-2z) _ 2a? z 

dydz (a 2 -z 2 ) 2 ~{a 2 —z^f' 

ir-= , ^f^^,„ ■ Consider x, z constant, and differentiate. 

dz {a'—xrf 

d 2 u _ 2x*z tPu _ 2x 2 z _ d 2 u 

dzdy~(a 2 -z 2 f MenCB dydz~(a*-zlf-dzdy' 
d 2 u 2x 

How ~ — r-=-5 =■ Considers, y constant, and different] ate. 

dxdy a*—?? 

d a u _ ~2x{-2z) _ 



dxdydz~ (a 2 -z*f ~{a 2 -z 2 f 
d 2 u 2a?z 

d ~ dy ~ {a 2 — z 2 ) 2 ' ^ on8 ^^ er ?' z constant, and differentiate. 
dhi _ 4xz 
dzdydx~{a t ~z' s f' 
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-; — j-=—, 3- Consider # constant, and differentiate. 

ay ax a*—z* 

d*u _-2x(-2z)_ ixz 



dxdydz {tf-z'tf (a*-* 2 )* 
d z u isx d 3 u d 3 it 



(6.) u=x > y*; find du, and show that 

d 2 u =s cPu 

dydx dxdy 

a? X* 
(7.) u =j3' dti=-^(5ydx—Zxdy). 

(8.) u=x*; du= 

i^—c* ;1 | ^\o S x) = ■ 
■dydx \x x I dxdy 

,„ , . x. d s u 2 . x x x d & u 
(9.) «=sin-j , , .. =-^sin — — -cos-= , ... • 
' y dydx* y 3 y y* y dx*dy 

(10.) w=i/sina;+a:3in^; snow th 

d** dH 

^dx =C0SX+C °^=d7dy' 
(11.) u=sm(x > y)} show tfc 



d»u _ 2y(*-4i) _ j% <j'» 
dxd#~ (2*+*)' — di'dx~ dzdxdz 



G2 eulek's theorem. 

(13.) U= 3 L+JL; findrfa, and show that 

d-u _ ^ xy _ d 2 u_ 
dydx~ {x-YyY - dxdy 

(14.) «={(a-tf) 2 -f(&-y) 2 +(e-*) 2 }-*; show that 
d 2 u d 2 u d 2 u 



and show that 



d 2 u _ 1 _ dH 
dydx y*(2#— y)S drrfy 



a^-v 2 



* . . . . d*u 2(*»-y») rf 2 « 



CHAPTER IX. 

edler's theorem for tiie integration of homogeneous 
functions of any number of variables. 

If w be a homogeneous algebraic function of n dimensions 
of any number of variables x, y, z, &c, then 
du du du 

«*+»*. . 1 

= r > here w= — s - 

z+y 2 

du (»+y).j«-t-(ft +) |>) f» 
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• /" I ./»_ i("+S'k i -(j { +yV+j(i+?)y*-(J i +3i i )i 

z+y i+y 2' 

(2.) «=»-■ (?=*)*; here »=0. 8 in»=^i 



du 



"5T 



8^ 



2V»+.y 



. y 

rly ±f=__=f 

<fy Vjytz + y)-/*— y 

;.A,-=-;=2a_=0. 



(3.) «=V^+p; 



du du 



here w = l. 



d 2 u „ d% da M 



(5.) „= 



here n=3. 



heren=2. 
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CHAPTER X. 

ELIMINATION OF CONSTANTS AND FUNCTIONS BY 
DI FFERENTI ATION. 

Ex. (1.) Let 3/— 0^ + 1=0; eliminate the constants a and A. 

.=*.!. 

Substituting this value of a in the given equation, 
y_ ^.£+6=0, an equation from which a is eliminated. 

To eliminate 6, take the equation ^=2iz#, and proceed 
to the second differential coefficient. 

g=2«. Bat«=f!.i. 

.•,f^=^.I, an equation from which a and 6 are 
da? dx x 
"both eliminated. 

(2.) j 2 — aa:— Ja^=0 ; eliminate a and 6. 

2,!g=a + 2S*, ;.a=2 3 ,g-2te (1) 

Differentiating again, we have 

Substituting from (1), (2), the values of a and 6 in the 
given equation, there results 

V 5 =2#y— — *V — -W— f, an equation from 

which a and 6 are eliminated. 



BY DIFFERENTIATION. 65 

(3.) Vy=aBmx+bwi2x; ^+5^+4^=0. 

~=a cosa;+2S cos2a?, < ~X,= —a sin*— 46 sin2x, 
dx dx* 

d s y 

— '-z=— a cosx— 8b cos 2a:, 
da? 

d*v , 
~r-,=a mnx+lQb sia2a, i 
dx* 



J2 d*y d 3 y 



4y=4« sina:+46 ain2;r. 
(4.) y=x"+m m ' ; eliminate 
dy_ 



:.a= ■ 



Substituting this value of a in the given equation, 
idy \ 1 dy 



naf'A my=mx n +~- —naf 1 , 

) m ax 



First, consider y constant, and differentiate with respect to x. 

— 5r©+/©+*w. 

S=-f(-i)/'©^®-©-^g)^"w 

=|^©+»vm- 



Oigiiizcd by Google 



66 ELIMINATION 

Again, + ^ {xy). Consider x constant, and differen- 

tiate with respect to y. 

(6.) Let y—ma? ■ eliminate the constant j», and show that 
(7.) Let y= n j eliminate m and n, aod show that 

(8.) Let a + cicx— y)=0 ; eliminato c, and show that 

(9.) Let a^H — ^y 2 =~; eliminate the constants a and b, 
and show that ay^J^+a;^^ — y ~=0. 

(10.) Let (a— l)(«4-y)— ay + « = 0; eliroinate a, and 
show that yi+y+l + ^+flH. 1)^-0. 
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(11.) Let c t&nmx ~y mvmx + a = 0 ; eliminate a and c, 
d 2 y 

and show that dii? = — n ^lf m 

(12.) Lety=e , cosar; eliminate the circular and exponen- 
tial functions, and show that «s=— — ^ 

as 2 dx* 

(13.) Let y=ncos(rx+a) ; eliminate a. and n, and show 

** 

(14.) Let ^ = sin(log#) ; eliminate the functions, and 



dx 2 dx 

(15.) Let y = ae 2 * sm(3 % + b) ; eliminate a and b, and 

show that ^_4^ + 133, = 0. 

dx 1 da 

(16.) Let (a— <tf+(y— Pf=r*} eliminate a and ft and 



show that 



(ST-, 



^3 



show that y 2 =\ — ^¥— 
dx 



function A, and show that i/^+a:^-=ffl,-, 
T 9 dx ay 

(19.) Let ^jm;=^ eliminate the function ^, and show 

... dz dz 



L'i i i : c : - 



08 MAXIMA AND MINIMA. 

(20.) Let - — ^=A^Il5; eliminate the function A, and 
show that (y— i) ^+(«— y) ^=x—a. 



CHAPTER XI. 

MAXIMA AND MINIMA. 
FUNCTIONS OF TWO OB MOEE VARIABLES. 

If m be a function of two variables x and y, then putting 

dx~ ' ' d?"df > \dy~dxl ' dx^^ dtf 

having both the same algebraic sign, u will be a maximum 
when that sign is negative, and a minimum when it is 
positive. 

If, on substituting the particular values of x and y, de- 
termined by putting ^=0, ^=0, in the second differen- 
tial coefficients, these should vanish, then the third diffe- 
rential coefficients must also vanish, or the function will not 
be a maximum or minimum, 

If m =/ y, z), then we must put ~ = 0, ^~ = 0, 

^ = 0, and we must have the condition fulfilled that 

dz 

(d*u cPu / d 2 u \\ (d*u d 2 u / d*u \*\ 

{da?' dp ~ \dxdy) }'{d^W~ XdxTz) ) 6XCeedfl 

/ d 3 u d*u _ tPu_ d*u v» 

\dydz dx'* dxdy dxdzl 
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TWO OR MORE VARIABLES. 69 

Ex. (1.) Let u=^+y i — iaxy 2 ; find x and y when u is 
a maximum or minimum. 

Differentiate, first considering y constant, and then 



y - v ' Ty~ 
:.a?=aif, y 2 =2ax, a?=2a'x, a?=2a 2 , 

d 2 u 



df 

^t = Say=~8a 2 Vs, 
dxdy * 

d 2 u d 2 u d 2 u , . , 
■'■T?-77>rT l a*" 1 smce tne algehraic sign of 
dx 2 dy 2 dxdy 

and ia positive, X= ±a~/2 1 and y=a± VE, give 



■ — -=0, and also the third differential coefficients 
dy 2 

Hence also a;=0, y=0, givo w= a minimum. 

(2.) To determine the greatest right cone that can be cut 
out of a given oblate spheroid. 

Jjci.ABDEhe the ellipse which generates the spheroid, 
a, b its semi-axes, CN=x, NP=y= radius of base of cone. 
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Then 
ellipse ; 



MAXIMA AND MINIMA. 

y 2 =—(a 2 —x 2 ), equation to 
and 

altitude of cone =AH?=a+x, 
and vy 2 = area of base, 
its volume v = £ iry*. (o + x), a maximum, 
■*• if - (a + — a maximum, 




(a+<e)+y*=0, 



2(a + *)*" 
'a 2 — j?. But, differentiating the 
5 , 



"dc 2(« + a:) a 

equation to the ellipse, y=:"*/a 2 — a?, we have 



2(a+*) 
a— a>=2#, 



r^— ■ a»-*»=2*(a+*), 



~ = 27^-T^81 fl 
(3.) Let M=a 4 +y»— 2(«— y) 2 ; find the values of ai and y 



which render w a maximum or minimum. 



du 



■=4i 8 -4{*-y)=0 ) 



.-. iC a_( a ._j / )=0, 



f4(ai-y)=0, sH^-y)^, 

x*=-f, :.x=—y, «»+flJ_2(*+*)=Q, 
2^=4ar, a 3 =2, :.a!=±v / 2, FT^' 
~ = 12^_ 4= 24-4= 
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AH . d 2 u d*u d*u , . 

-=--=4, "3-5-^;>j-r' and since the 
axdy da 2 dy- dxdy 

, , . . , d 2 u ,d 2 u. 
algebraic sign of and -^-5 is positive, 

x= ± */2, and y= + v^2, give w= a minimum. 
(4.) Let «=a{sinar+siny+8in(a;+y)}; show that u is a 
maximum when x=y=6§°. 

~ ! =a{coax + co&(x+y)}=0, ^=a{cosjf+cos(a;+^)} =0, 

.'. x^zy, cosar+cos(a;+J/)=cosa;4-cos2ar 

=COB x + 2 cos 2 ;r — 1 = 0, 



^-^=a{ — sinj;— sw.(x+y)) = — a {sin 60+ sin 120} 

<Z 2 « r~ 
^=a{— siny— sin(a:+y)} = — 0^3, 

^^=» { — ain(^+y)} = — « sin2a;= — a sin 120= — a --^-> 
d 2 u d 2 u d 2 u , ,, , , . „ d 2 u , 

d 2 u. 3a — 

— ; is negative, .".u=—vii= a maximum. 

dtf a 2 

(5.) A cistern, which is to contain a certain quantity of 
water, is to be constructed in the form of a rectangular 
parallelopipedon ; determine its form, so that the smallest 
possible expense shall he incurred in lining its internal 
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MAXIMA AND MINIMA. 



Let a 3 = its content, x = length, y = breadth, then 

a 5 

— = depth. 

a 3 a 3 i u! 
.".surface =u=xy-$-2 — (-2—. a minimum. 5 '* 

* y 

dn 2 a* n dti 2 a* n 

•• j-=f i"=0, j-=* 9=0, 

Ac a: 3 dy y 1 

:. x 2 y=xy 2 , & = y, x s y=x s =2a* l x=y=:2&a. 

a 3 a* 2?a 

— =-=— = — - Hence the base must be a square, 

xy 2*a» 2 * 

and the depth equal to half the length or breadth. 

^ *» "~2(i3~ ' dy*~ ' <&dy - " 

• ^!l'.^ > /'.^!!M 2 . Hence m is a minimum, 
rfar* (ft/ 11 \dxdy) 

(6.) In a given circle to inscribe a triangle whose peri- 
meter shall be the greatest possible. 

Let r be the radius, and B and tp two of 
the angles of the triangle ; draw BD J_ A F 
A C the base : then, Euc. B. 6. prop. C, 

c-a-=BD-2r, :.a=2r—=2ramt 
c 

c sin A sin<£ _ 

-=^— 1> :.c=^— r xa=2rsin* J 
o sint) sind 

6 __sin ^_sin(7r— 2i)_sin(9 + <p) 

a"~sin« sine — sinfl 

Hence w=a + e + &=2r{Bin8 + sm0+sin(ff+0)}, 
■—= 2r { cos 0 + cos (8 + f) } = 0, 




TWO OR MOKE VABIABLE3. 
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^= 2r { cos 4> + cos (6 + $>)}= 0, 
.\cos0=cos0, 6=0, 6+0=29, 
.\cos0+cos20=O, cosfl + 2coa 2 fl— 1=0, 

.cos0=|> 6=60°=f. 
Hence the Z s are all equal, and the A is equilateral 
^=2r{— sinfl— sin(0+0)} = — 2r{sin60+sinl20} 

^=2r{— sinp— sin(0+0)}==-2rv / 3, 
^^=-2r{sin(fl+0)} = ~2rsinl2O=-2r-^=-r-/3, 

Hence the perimeter is a maximum. 

(7.) To determine the least polygon that can he described 
about a given circle. 

Let flj, 0 2 , 0 8 , ...0„, be the successive angles contained 
between the lines from the centre to the angular points of 
the polygon and the radii of the circle ; then if the radius 
be r, and the first of those lines he I, the area of the right- 
angled triangle whose angle at the centre is 0, will be 

11 r 2 

sin 0 1= -r . r sec 9, . sin 0, =~ tan 0, ; 

and similarly of all the n triangles successively, into which 
the polygon may be supposed to be divided ; so that the 
entire area of the polygon will be 
r 2 

— (tan0 1 +tane,+tan0 3 + . . . +tanfl n ). 
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MAXIMA AND MINIMA. 



But tan0 B = — tan{2n— (0 1 +e,+ . . = — tan(2!r— ^,), 
■where ^j=8,+8 a + . . . +0„_,. 
.*. «=tan0 1 +tanff a -f-tan8 a +- . . — tan(2ir— <j>^), a min. 
Now, differentiating ■with respect to fl„ considering the 
others constant, and remembering that 0 2 is contained in tfo, 
the assumed sum of the series, we have 

^=sec»fl 1 -sec 9 (2x— ?,)=0, B s =2ir— fc=fl„. 

And similarly, any one of the.angles is equal to the angle 
immediately preceding ; hence all the angles are equal, and 
the polygon is consequently equilateral. 

(8.) Of all triangular pyramids of a given base and alti- 
tude, to find that which has the least surface. 

Let a, t, c be the sides of the base, k the 
altitude of the pyramid, 0, <p, \p, the inclina- 
tion of the faces to the base. 

Then, if p be a perpendicular from the ver- 
& h 

tex on the side a, sin0=^ 

area of face =—ap=-^a/i cosecft, 
.\ area of the three fiwjes=^AcosecB+^Arasec^+^cAcosec^, 
u~^/t(a cosec0+i cosec^-f-c coseci/.) (1). 

Also, the base of the pyramid may bo divided into three 
triangles whose altitudes are readily determined ; 

v ^ =tan ^' ■"■ ^-=cotfl, .". altitude a0=Atan0, 
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.'. area \>as&=~ah cot 0 + ~ bk co t f + ^cA cot i/<, 
and putting this area =m 2 , we have 
m 2 =lA(acot0-(-&eot£+ecotii') (2). 

From (1), ^=||— acosecflcote— ccosec^cot^^j=0, 
du h( , AM 

a cosecS cot 0= — c coseciL cot \L -2-> 
r a!0 

7 <ty 
6 cosec^ cot^ = — c cosec i£ cot\p-j^> 

. , , , dd> d4i 

a cosec 0 cot 0 — = — c cosec >L cot ii — ) 

dp Y r dO d 9 

b cosec A cot* ^= — c cosec it cot ii ^ ■ 

T r do T r dO dp 

d& (fii 
/.acosec0cot0 — =Jcosecf cot^-^j .... (3). 

Prom (2), ^-=acot0+Scot0+ccot^, 
2m 2 

c coti/-=— acotfl— Jcot^, 

-c (1 + cot 2 ,/,) (1 +cot a fl), 

-c (1 + cot^) ^=6 (1 +cot a ^), 

, rfi/*_ a cosec 2 !) 1 
" To~ ~ c cosec 3 !/. 

, , , , !■ Substitute these values in (3). 
djj_ o cosec^ v ' 

dp c cosec 2 !/- J 
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AND MINIMA. 



„ .„ icosec 2 * , ., 
a coscc (i cot 8 ^ = J cosec a cot A ■ - 



.'. eot0cosec^=cot0cosec0, 
1 cosa 1 



6 = A. 



ain9 sin^ sin^ sinfl 
Similarly, by finding the partial differential coefficients 
du du 

dd' <ty' conglcIer ' n S im "' r and tQen 9 constant, it may be 
shown that &=ip. 

Hence $=A=ip, or the faces are equally inclined to the 
base. 

(9.) Required the dimensions of an open cylindrical vessel 
of given capacity, so that the smallest possible quantity of 
metal shall be used in its construction, the thickness of the 
side and base being already determined upon. 

Let a be the given thickness, c the given capacity, 
:c=radius of base inside, y=altitude inside. Then 

Whole volume v=ir(x+a) 2 -(y+a), 

Interior volume e=w3?y, hence the quantity of metal 
v— c=w(x+a) 2 -(y+a)— c=a minimum, 
(x+a) 2 -(y+a)=.a minimum. 

(a>+aytdy+(y+a).2<x+a)dx==0, :. fc-^l+f). 

dx x+a 

B„t,=£i .•.*-_•» 

ir x i dx tt x 3 x+a ira? 

Whence x=y=(~j i . Therefore the altitude must be 
made equal to the radius of the base. 
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(10.) uz=j?— Saxy+y 3 ; find the values of x and y wliich 
render w a maximum or minimum. 

x—a, y=a, «=a minimum when a is positive, 
and a maximum when a is negative. 
(11.) u=ax 3 ~bx t y+y' i ; find the values of x and ywhich 
make u a maximum or minimum. 

(12.) u=ax i y 2 —x 4 y 2 —x i y s ; find the values of x and y 
which make w a 



"2 *~3 432 uu " u " u "'- 
(13.) u =(l_^_^.(l_^±^ ; find the values of <r 

and y which render u a maximum or minimum. 

(14.) M=neos s ar+icosV> where y=~+x; find the values 

of cosjr and cosy which make u a maximum or minimum. 




w=2 (a + 6± vo^+A^, a maximum with the upper, and 

a minimum with the lower sign. 

(15.) Divide a given number a into three such parts x, y, 

and z, that ""^ +~^~ +^ shall be a maximum or minimum, 

and determine which it is. 

(16.) Inscribe the greatest triangle within a given circle. 
The triangle is equilateral. 

(17.) A given sphere is to be formed into a solid composed 
of two equal cones on opposite side3 of a common base, in 
such a manner that its surface may be the least possible : 
find the dimensions of the solid, and compare its surface 
with that of the sphere. 

H 2 
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TANGENTS, NORMALS, AND 



(18.) Show that the greatest polygon that can be inscribed 
in a given circle ia a regular polygon. 

(19.) In a given ellipsoid, whose equation is ^g+p+^j = I< 

to inscribe the greatest parallelopipedon. 

Jf x, y, z be the half-edges of the parallelopipedon, 
a b c 8abc 

""7T y= 7!' * = 7T " = 1F- 

(20.) To find a point JP within a given triangle, from 
which, if lines be drawn to the angular points, the sum of 
their squares shall be a minimum. 

If A, B, 0 be the angles, a, 1, c the sides of the triangle ; 

then GP^^ai+W-rf. 

The point is the centre of gravity of the triangle. 
(21.) Divide the quadrant of a circle into three parts, 
such that the sum of the products of the sines of every two 
shall be a maximum or minimum, and determine which it is. 



CHAPTER XII. 

TANQEXTS, NORMALS, AND ASYMPTOTES TO CURVES. 

If y=f (x) be the equation to a curve, 

y — y=~ (x'—x) is the equation to a tangent. 
If «=0 (r, y)=c be the equation to the curve, 
^ (a/— a:)+ ^ {y'~ y)— 0 i3 the equation to the tangent. 
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The equations to the normal are 




The tangent =y *J l + Normal = v yy/l^g*, 



Subtangent =y-j-< Subnormal =y —-• 



The portion of the axis of y intercepted between the 
origin and the tangent ia y—x^-=y a . 

dx 

The portion of the axis of a; so intercepted is x—y^=x„. 

Ex. (1.) Draw a tangent and normal to a given point P 
in the common or conical parabola. 



Hence to draw the tangent, let fall the perpendicular PN, 
take NT=2AN~, and join PT ; PT will be the tangent. 

Subnormal NG=y~-=%a. 

* dx 

Hence to draw the normal, take IFG=2AS I and join PG ; 
PG will be the normal. 

(2.) Let y n =a*~ 1 x be the equation to a curve ; find the 
subnormal and subtangent. 




Subnormal NG=y 




dx Jiy" 1 «y 2 2 nx 
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Subtangent NT=y^=^=-£-=nx. 

If«=2, f=ax, NG=fL NT—^x, and the curve is a 
parabola. 

(3.) Let «s=a?— 3oay+y=0 be the equation to a curve; 
determine the subtangent. 

(4.) If y 2 =ia(x+a) be the equation to a parabola, the 
origin in the focus ; show that the points of intersection of 
the tangents with perpendiculars from the focus are deter- 
mined by the equations x,= — a, y,=^ • 

S the focus, AS=a, SJV=x, Aff=x+a, NP=y, 
y 2 =ia(x+a) . . . (1), eq 11 . to curve, 

y,= — ~j~ x > OOj e< l n - to ppdr. from origin, 

/. by subtraction, 9 =-^ a ,-&x l +&x, (4). 

... dv 2a c/a; v V 2 V 3 

»i=7' "+•=£• 
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(VV>=7 (£-»)-» 

2 S " H 2 3y ' 



tic w , , « 

n—^i— •£•<->=!• 

(5.) The equation x m f=a, .which includes the common 
hyperbola, ia said to belong to hyperbolas of all orders. Find 
the subtangent at a given point in the curve. 



mQ j n -i </x_ any" '_ an dx_ 
dy~ y ia ~ y n+l ' dy~ 



c i , jT-m «to n a n _ n 
:. Subtan. NT=y~= — = • — = — , -x m = x. 

* dy mic™" 1 y wf 1 in 

(6.) Given two points A and 5, find the locus of P when 
the angle PBA ia double of the angle PAB, and draw an 
asymptote to the curve traced by P. 

A the origin, AB=a, AN=x, NP—y, A=d, ,8=20. 

PJT y . a PN y 2tan0 
— - =^-=tan8, ~tp»t ~ — — = tan .5— tan 2 ^ =- — - — — • 
AS x BN a—x 1— tan 3 fl 

. j> x _ 2ay 

" a— a; - y^~a?—y 2 
a? 

:. y 2 =Zx 2 -~2ax, the equation to the curve. 
"Whence, if y=0, 3=|a, and taking AO—^AB, the 
curve will pass through 0. 
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The origin may he changed to 0 by putting x t =ON~, and 
substituting the resulting value of a? in the equation to the 

curve ; whence y= ±x (3+ 

= ±o 9 x±.—r + — + — + &c. 

3* 2.3*« a? 

•"• $/= ±ic/3 ±-^| ia the equation to the asymptote. 

Ifa:=0, y =±-^; ify=0, a=q=£ f 
v 3 3 

" <£c = * // ^ = ^ an 60°> an< ^ asymptote cuts the axis of 
x at an z of 60°, and at a distance = — ^ from the point 0. 

(7.) If y 2 = a ^"*~'^ 2 he the equation to a curve; find the 
equation to the asymptote. 

.••»=±«(i+:+£+**) 

.'. y=± (iB+a) is the equation to two asymptotes, and ■; 
if x=0, y=a, an asymptote cuts the axis of y at the 
distance a from the origin; and v if #=0, x= —a, :. an 
asymptote cuts the axis of x at the distance —<z from the 
origin. 

Again v ^r= ±l=ten 45° or tan 135°, .". these asymp- 



ASYMPTOTES TO CURVES. 



totes cut the axes at an angle of 45°, and are consequently 

at right-angles to each other. 

Putting x=a in the equation to the curve, we have 

. 2a? a$-/2 

ory=_=<c, 

.*. there is another asymptote parallel to the axis of y. 
(8.) If y— 2={x~ lJVa;— 2 be the equation to a curve ; 
find the point and angle at which the curve cuts the axis 
of x, and the values of x and y when the tangent is perpen- 
cular to that axis. 

Ific=0, y— 2 = — :. y=z2--/^2. 

Ify=0, (x-l)Sx^2 = -2, (a?-2aH-l)(a:-2)=4, 
a? -4^+ 5 a- 6 = 0, 
a?-3x 2 -x 2 +3x+2x—6=Q, 
x^(x-3)~x(x-3) + 2(x-3)=0, .\ x=3. 

dy , 1_ , , ^_x-\+2x-±_ 3x-5 

, if x = 



curve cuts the axis of x at a distance 3 from the origin, and 
at an angle whose tangent is 2. 

Again, if 3=2, Vx-2=0, :. y— 2=0, y=2, 



Hence the tangent cuts the axis of a; at an angle of 90°, 
or it is perpendicular to that axis when x=2 and y=2. 

(9.) If from any point P in an ellipse a straight line he 
drawn to the centre making an angle ft with the normal, 
and if I be the inclination of the normal to the axis major ; 
_ ta.nl (a 2 -V 1 ) 
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Let CA=a, OB=b, CN=x, tTP=y, 
i CPG=e, CQP=l. 



-a^)=fi2— eq n .to ellipse. 



a 2 a 1 



by a property of the ellipse, 



.-. ^=^tan2, also ^tonPC&^tenl, 
x a 2 x a? 

Q=CPG=PGF-PCX, 

te.nPGR-tato.PCN 



tan0=tan (PGR-PCR) 



'l + tajiPGR-tanPGiY 
. t 8*. , 



tvnCGP-twPCtf 



a 2 tan?— J 2 tan£_tan£(« 2 — ( 3 ) 

— a a +J 2 -tan a f — « a +6 3 - tanT 
(10.) From the centre G of & circle a radius Cfl is drawn 
cutting the chord .51) in J/", if/i* is drawn at right-angles to 
5i> and equal to MR ; determine the locus of P, and draw 
the asymptotes. 

Let BD, CO he the co-ordinate axes, 
A the origin, 

CR=a,CA=c,AM=x,MP=y. Then 
MP=MR=CR-CM 

=CS-^GA 2 +AM 2 , or 
y=a— -/(?+a?, the equation required. 
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If a;=0, y=a-c=CR-CA=CO—CA=AQ. 
If>=0, x= vV3^= */CF* - CA 3 

= J(CF+CA) (CF~CA)= ■/JKTO= SAW, 
:. x=A2> or AB. 
If x=±<x>, y=—ao. Hence the curve passes from 0 
through B and B to infinity. 

To determine the direction of the tangents at these three 

points; -^ = tim fl= q: — ? =0 if # = 0, .*. at 0 the 

die v^+^i 

tangent is parallel to the axis of x. 

dy _ x AD Sa*=J 

— =tan()=+— 7==—^==-= — = ' which 

dx >/CA*+AD* a 

determines the direction of the tangents at D and B. 

Again, putting x, = ON= CO— CN= a — {c+y), we have 
y~a — c — X, j and putting y, = N'P = x; and substituting 
these values of x and y in the equation to the curve, the 
origin -will be transferred to 0. Thus 

a—c—x,=a— V^+ffA ^+S?=e+x,, 
<? + y?=c*+2cx,+x?, 
y?=2c3;, + x?, which is the equation to the rectangular 
hyperbola. 

To find the equation to its asymptotes, 

-(r-l) 

=±((*^(2^)+ 2 -Vw-«{3«) ! +Ac] 
I 
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.*. y= ±.(x+c) is the equation to the two asymptotes; 
and v putting j/=0, we have x— — c, and 
putting ar=0, we have y=±c ; also 

V — =tanft=±l ; .*. the asymptotes cut the axis OF 
dx 

at Z a =45° and 315°, at the distance — c from the origin 0. 

Take OT=CA, and draw the lines TS, TS, at Zs=45° 
and 315° respectively, these will be the asymptotes. 

(11.) The normal to the curve whose equation is y 2 =iax, 

is a tangent to the curve defined by y 2 =™ (x— 2a) 3 . 
y 2 =iax, ^=^> ■"• y>—y= — |T~ { x ~ x )> "I" *° normal, 

a-,=« + 2a=part cut off from axis of*. 
f= A (x-2«)» 2 logy=Iog A +3 log (*-2«), 

.*. x — y^ = x — ^(x — 2a) = — ^— = part cut off from 
axis of x. 

Hence, that the normal and tangent may cut the axis of 
x at the same point, we must have the equation 

?i±l?=*+2«, :. x=3*+2a. 

But, the angles they make with the axis of X ought to bo 
the same, and since 

dy~ 2a ^ dx — 2*x— 2a 
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• ■L-- I ,y a _4a_ 9y« _ 4 . 

"2a 2 i-ifl a? « (x-2«) a 3« v ; ' 
.". 3a:=x— 2«, x=3x+2a, the same as before. 
Hence, the normal and tangent, cutting the axis of x in 
the same point and at the same angle, must be coincident. 

(12.) In the curve defined by y*=aa 3 +* a prove that the 
portion of the axis of y intercepted between the origin and 

■ vi— +«* 

2ffl^+3^ _ 3/-2«,r2_3^ 

__ 8(y»— **)— 2aa» _ ax* _a x 2 

3y* ~3y»~s'(«w»+*»)* 
* # a , x v# 



i'{(o + *)* s } 4 s'(o+*)M iW* ' 
(13.) If y£=a$— draw a tangent to the curve, and 
show that the part of the tangent intercepted between the 
axes = a, and that perpendicular on tangent = V axy. 



rf-e 3 ' rf» 



=-4 . 

X? f \ * 



• 5= — j***™ — j* («• -.«') =.» —>M ■ 
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Now DT^=AIfi+AT^=aii / i+.aixi= a i(^+J) 

DT=a= part of tan. intercepted between the axes. 
. . FD AD AD* aM , a 

A ^AB=DT' ™=DT=~ ai **- 
AF2=A&-FD2=attA-aiyl=Jyi(al-yi)=a*yizi, 
.". AF=abxbyi= length of perpendicular on tangent. 
(14.) Suppose a rigid rod J3F slides along the line Ax in 
such a manner that its extremity P shall - 
be constantly in a given curve whose equa- 
tion is y—f{x), and let BQ be an n th part A_ 
of BP; determine the equation to the locus 
of Q. 

LetBP=a, AN=x, NP=y, AM=x l} MQ=y,. Then 
MQ : NP :: BQ : BP, or y, : y :: - : a, 
1 1 w s 



But AN=AM-NM=AM- 



-MB)=x,-{nMB-MB) 



~x x -{n-\)UB=x,-{n-\) /\J a --y?, 
.-. y l= -~f ^ ^ a 2 — «Vi 2 |» *-he equation required. 

(15.) Determine the subtangent to the curve of which the 
normal = 2 a 2 ■ (abscissa) 3 . 

Let x be its abscissa, y its ordinate. Then 



■ Normal PG=yf, 



=2a 2 x s , an equation 



evidently derivable by differentiation from Y = ~2~' 
:. y=ax 2 is the equation to the curve. 
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dx y ax 2 " dy~ 2ax' 



The equation to the curve may be put into the form 
•r 2 =- y, therefore the curve is a parabola, whose parameter 

is -) and whose line of abscissa is perpendicular to the hori- 
zontal axis. 

(16.) The equation to the catenary is 2y=c(e^-f-e e ) ; 
find the length of the normal. 

ix 



Hf-(^(-;)Hf«;-A 

d&~ 4 ' + dx*~ + 4. 

-- /\/ T jo ■ » o — o T* 




(17.) If y»-(a- r ^) 2 r- 1 + ( C +^+/^)y n -2-&c. = 0 be 
the equation to a curve of »t dimensions, prove that, if each 
ordinate be divided by the corresponding subtangent, the 
sum of the quotients will be a constant quantity. 

Let r u r s , r 3 , .... r n be the values of y which satisfy 
the given equation, and 

8 u *i> *sj - ■ ■ ■ s » tne snbtangenta correaponding to these 
values of y ; then, by the theory of equations, 

+ ■ ■ ■ - + 
i 2 
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dr-i dr t dr a . 

dx dx dx ' ' ' ' dx ' 
and, taking the differential expression for the subtangents, 

_r$x _T. t dx 

1_ ~ (fe-j ' dr t ' " dr n 

>i dr, r t dr 3 T »_ < ' r " 

" s L ~~ dx dx 8„ dx 

Hence J+p+g-..+J=S. 

(18.) lfy*~z i +2bx :! y=0 be the equation to a curve; 
find the equation to the asymptote. 

Assume y= xz, then x*z* — x* + 2 hx*z = 0, 

x = 26a , y-J^L, which both become infinite 
1 — z* 1 — z* 

■when « 4 =1 or z=\ . 

V ~"'di~ y ~ If+bi? - 2^+**° 
2(yl-j') + 3t»»y _ -Ua%+3fcrV _ bxh/ 
~ 2jA+*5 ~~ 2y>+fc» ! _ 2y>+lx 1 ' 
Ixz 

; ) WHJCJ 

o, become.^ j^-j-j- ,- 2 

ience y=x— ~> y= —x— ^ are the equations to 
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(19.) Investigate an expression for the subtangent : and 
in the parabola, of the n" 1 order, whose equation is y=ax*, 
find the subtangent and subnormal 

Subtangent=ixj subuormal=»Mi 2 JE 2 "~ 1 . 

(20.) The equation to the ellipse being V 2 =^ (2<w— it 3 ) ; 

find the subtangent and subnormal. 

Subtangent — — > subnormal =~(a — x). 

a—x a 2 ' 

(21.) Prove that ~- equals the tangent of the angle at 

which a curve, referred to rectangular co-ordinates, is inclined 
to the axis. 

(22.) y l =a 2 —x 2 being the equation to the circle, the 
origin at the centre, show that the curve cuts the axis of x 
at an angle of 90°. 

(23.) y l =1a£—x i being the equation to the circle, the 
origin in the circ umf erence, find the subtangent and normal. 




normal = a. 



(24.) If an ordinate NP in an ellipse be produced until it 
meets the tangent, drawn from the extremity of the latus 
rectum, in T ; prove that the distance of P from the focus 
is equal to the distance of T from the axis of abscissae. 

(25.) In the ellipse, if it be assumed that x = acmt; 
prove that the equation to the tangent will be 
bx cos t + ay sin l=ab. 

(26.) Find the locus of the intersection of pairs of tangents 
to an ellipse, the tangents always intersecting each other at 
right angles. a?+y*=a*+V l . 
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(27.) 1/**=:— being the equation to the cissoid of 

Diocles, find the equation to the tangent, and show that 
there is an asymptote which cuts the diameter at its extre- 
mity at right-angles. 

Equation to tan. &> = {j2a~~lcf^ ' K' a *~ *) iP > — M } ' 
(28.) Prove that half the minor axis of an ellipse is a mean 

proportional between the normal and the perpendicular from 

the centre upon the tangent. 

(29.) In the logarithmic curve, whose equation is y=a*, 

show that the subtangent is equal to the modulus of the 

system whose base ia a. 

(30.) Prove that the curve whose subnormal is constant 

is a parabola. 

i 3 

(31.) In the hyperbola, whose equation is y 2 =-^(2ax+x T ), 
show that y—±— (x+a) is the equation to two asymptotes 

passing through the centre and equally inclined to the axis 
6f«. 

(32.) Draw the rectilinear asymptotes of the curve defined 
°y y i +3?y=a 2 x 1 , and determine the form of the curve at 
the origin. 

(33.) Let x*— y s +ax i =0 he the equation to a curve; 
show that the equation to the asymptote is y=x+^- 

(34.) If a^=ba?~c 2 xi/ he the equation to a curve ; show 
that y= - is the equation to the asymptote. 

(35.) In the common parabola, whose equation is y 2 =iax, 
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find that point at which the angle, made by a straight line 
from the vertex with the curve, is a maximum. 

ar=2tx. 

(36.) A rectangular hyperbola, and a circle whose radius 
is 2 a, have the same centre ; find the angle of intersection 
of the two curves. 

Angle = tan -1 — j — 

(37.) Find that point in an ellipse at which the angle 
contained between the normal and the line drawn to the 
centre is a maximum. 

(38.) Determine the angle at which the curve, called the 
lemniscata of Bernouilli, whose equation is (j/^+x 2 ) 2 
=2 a 2 (x 2 — y), cuts the axis of x. 

(39.) If A be the vertex, P and Q corresponding points in 
the cycloid and its generating circle, prove that the tangent 
at P is parallel to the chord AQ. 

(40.) The centre of an ellipse is the vertex of a parabola, 
the axis of the parabola intersects the axis of the ellipse at 
an angle of 90°, and the curves also intersect each other at 
right angles ; show that major axis : minor axis :: : 1. 

(41.) If y 2 =mx-\-nx i s show that an asymptote cuts the 

axes at points indicated by x= — — and y= — 
* 2» 2«* 

(42.) Show that the locus of the intersection of tangents 
to the rectangular hyperbola and perpendiculars upon them 
from the centre is the lemniscata. 

_ <*+«)" , 
(,-«)» 

determine the distance of its minimum ordinate from the 



origin. 

(44.) Find that tangent to a given curve which cuts off 
from the co-ordinate axes the greatest area. 

x ll =2x, y a =2y. 
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(45.) Draw a tangent to the curve, whose equation is 

y-=ax m , and show that the tangent always cuts from the 
axis of y a portion equal to an m lh part of the ordinate at the 
point of contact. 

(46.) If yZ+x 3 — 3^=0, show that y = — & + l is the 
equation to the asymptote, and that the maximum ordinate 
is at the point indicated hy jf=2. 

(47.) If C be the centre of an ellipse, and NP any ordinate, 
and if in NP a point Q be so taken that its distance from C 
shall be equal to NP ; show that the locus of Q is an ellipse 
whose major axis is the minor axis of the given ellipse. 

(48.) Draw a tangent to the curve whose equation is 
a? 

y= ^— -| i and determine whether the curve has an asymp- 
tote. 

(49.) A BD is a semicircle, centre G and diameter AD ; 
EF is a chord parallel to AD, CQR a radius cutting EF in 
q ; QS.S& bisected in P. Find the locus of P. 

ay=(2y-i)(*a+y a ) i - 
(50.) Show that the curve, whose equation is a?+aby 
—axy=0, has a rectilinear asymptote at the distance b from 
the origin, and also a parabolic asymptote, whose equation 

isay— (* — o^) > *^e ' atus rect,um of the parabola 

being a, and its axis parallel to the axis of y. 

(51.) BAG is a triangle, right-angled at A ; a straight rod 
moves through the fixed point C, while one end slides down 
the line BA : show that the curve described by the other 
end is a conchoid whose equation is a?y 2 =(x— f/) 2 (a 2 — x 2 ), 
and determine its subtangent. 
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CHAPTER XIII. 

POLAR CO-ORDINATES. SPIRALS. 



Itr=f(6), or p=/(r), and u=-', then 

Tangent of angle (^) contained by radius vector (r) and a 

dd JO 
tangent to the curve, is tan SP Y= r — — — 

Perpendicular on tangent, 

sr= P =- 




If A=*cwANP, ^=^* 

Ex. (1.) Find the polar equation to the common parabola. 
SP=r, /.ASP=6. 
r=DIf=2AS+SN=2a+rcosPSJy=2a—rcoa0. 



:.r+reoad= 



1 + coa B 



(2.) The equation to the spiral of Archimedes is r=ad ; 
find the angle between the radius vector and tangent, and 
the subtangent. 

j-=a, SP r=tan-V~==tan-'»4=tan-i£). 



d6 r 2 

Subtangent ST=r 2 -^=—- 
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(3.) If r=a (l + cosfl), find the equation, between f and r. 

_ 1 du_ am.nl) 

■=a+aco&6. M - o + (JC0aft ' d8~ (a + a cost))*' 

/du\ 2 _ a 2 sin 3 6 _ a 2 (1 -cos a 8) 
\dl) ~(a + acost*) 4- (a+aco&dy' 



:. a 2 — a 2 cos 2 e=— - — — a-f-acos0=-. 
2a_ 1 

•'■ « 2 +(§) a =" 2 +^ T ^-=« 3 +2«^_ a2= ^. 

" p»~^' P ~2a' 

(4.) The tangents at the vertex and extremity of the 
latus rectum of a conic section intersect ; prove that the 
distance of the point of intersection from the vertex is equal 
to the distance of the focus from the vertex. 

Let A be the vertex, S the focus, and T the point of in- 



The equation y =- -/ 2 aurip a? will, by using 

the negative sign, comprehend all the conic ■ 
sections excepting the hyperbola; and, by using 
the positive sign, it is the equation to that 
curve. 

Also 2f'~^~^ {x—z) i a the equation to the tangent. 

Differentiating the asaumed equation, — =-• — — +ig • 
dx a v2(k+^ 
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and substituting the values of y and ~ in the equation to 
the tangent, we have 

But at the origin a?,= 0, and x=AS=m suppose. Then 

y,=-V2am+m i — -= 

a a •/2am-\-m 2 

_b /2am+m 2 —am±m\^ bm 

a * V 2 am if jn 2 ' v / 2u«i=pm 2 

Now a s =J z + (a+wi) z , by a property of the curve, 

.'. 2am+m 2 =b\ :. TA=y,=m=SA. 

(5.) Iu the ellipse, if p be the perpendicular from the 

centre on the tangent, and r be the distance of the point in 

a 2 l 2 

the curve from the centre, prove that p 2 = 2 ^ ^ — ■ 

Perp r CP=r, ZiW=fl, then #=rcos0, y=rsinS; 

~+^5=l, equation to the ellipse. 

rWty r&n^ ,/cos a e sin s e\ , 
— +— =^(— +-p-) =1 - 

« 2 £ 3 0^ 



where 1— e 2 =-^* 
a 2 



" a 2-aVcos 2 fl~l -«Wfl 

.-. ^^-.(l-flWfl), 2B^=-^{-2eW(-suifl)} - 

tfa 1 . , „ . „, 1 1 e*cosesin9 

— = — {ercoBd sinft} • -= -. 

dd b 2 « 6 v'l— eWfl 
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(i-\ 2 — 1 — C 2 C03 2 ft , i 4 cos 2 fl(l-cos'fl) 
WW " 6* + i»(i-(Wa) 

_ 1 — 2 a'cos'fl + i 4 cos 4 fl + e* c os 8 fl — e*coa 4 8 
~ ~~ fi2(l-fi2coa2fl) 
_ l-2e 2 cos 3 fl+^ 4 cos 2 8 
~ 6 2 (l-eW0) 



(6.) In the ellipse, if A, be the origin, the equation is 
tf=*L(paiB—3?) : let S be the pole, £A,SP=B, and 
SP=r; show that the equation referred to polar co-ordi- 



nates is 




(7.) The equation to a curve being y=(x m +aa; m ~ l ) m ; 
determine the polar equation, and show that an asymptote 
cuts the axis of abscissae at an angle of 45°, and at a dis- 
tance = — from the origin of co-ordinates. 

TO 

(8.) In the hyperbola, if£be the pole, the polar equa- 






,7-7/ 
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tion will be r= — > if the centre be the pole, the 

l+ecostf 1 

polar equation will be r= — ■ — • 

V^Wtt-1 

(9.) Show that the polar equation to the lemniscata of 

Bernonilli is r 2 =2a 2 cos20, and that p= +— — -. 

2a 2 

(10.) Show that the polar equation to the conchoid of 



co-ordinates being a 2 j* 2 =(a+a:) a (& 2 — jr 2 ). 

(11.) Show that the equation r = j^p- represents two 

polar curves, one having an exterior and the other an interior 
asymptotic circle, .and exhibit the general form of the two 
spirals. 

(12.) The polar equation to the cissoid of Diocles is 
r=2atan0sin8. Prove this. 

a? 

(13.) The equation to the lituus is i&=— i show that the 
subtangent =2a 

(14.) In the cardioid r=a (1— cos6), and if r, be a radius 
in the direction of r produced backwards, r,=a{\ +cos0) : 
show that 2^=0. 

(15.) If the polar equation to a hyperbola, referred to its 

focus, be r=f-^ — ~J show that there are two asymptotes 

1+00080 J r 

intersecting the axis of $ at a distance ae from the origin, at 
angles whose tangents are+^ and — ~ respectively. 

(16.) If fl= = — be the equation to a spiral ; show 
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that a circle whose radius is 2 a is an asymptote to the 
spiral. 

(17.) If 8—^> and na n =b" ; show that the equation 

between the radius vector and perpendicular on tangent is 
l"r 

P= 



CHAPTER XIV. 

SINGULAR POINTS. TRACING OF CURVES. 

A curve is convex or concave to the axis according as 
d 2 if 

y and have the same or opposite signs. 

To determine whether there be a point of contrary flexure, 
(pv 

we put —-=0 or oc : and if a be one of the values of # so 
oar 

found, we substitute successively a+k and a—h for. x in 
i then if have opposite signs, there will be a point of 
contrary flexure denoted by x=a. 



At a point of contrary flexure in polar 


curves 


4=0. 
dr 


If any values of x and y make 


this circumstance 


generally indicates a multiple point. 






For a true double point 


/ d 2 u \ a 






\dxdyl 


.( d Ji\ 


($)>"■ 


For a point of osculation 








IJ*L)'. 

\dxdy) 


■(£) 


'($)=»• 


For a conjugate point 


i d 2 u \2 
\dxdyl 






■(S3 


<o<* 
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At a cusp, if x=a, -j- has but one value ; and, substituting 



For the ceratoid or cusp of the first species, the values of 

have opposite signs. 

For the ramphoid or cusp of the .second species, the values 
d 2 y 

of -j-^ have the same sign. 

Ex. (1.1 If the equation to a curve he y—^^/aP+cx*} 

show that the origin is a point of osculation, ascertain if 

there be any maximum ordinate, and determine the general 

form of the curve. 

It is obvious that, by giving x successive positive values 

from 0 to oo , y ■will have successive positive and negative 

values from 0 to oo , consequently there are two similar 

branches extending from the origin to infinity, one branch 

on each side of the axis of w to the right of the axis of y. 

„ dy 1 S^+ica? x 5x+ie _ , . 

— - -=0 when #=0, 



dx a 2vV + ca^ 2a */x + ( 



d. , 

two values, one positive and the other ne- 
gative, each =0, therefore the axis of # is 
a common tangent to the two infinite branches at the origin ; 
hence the origin is a point of osculation. 

Again y= — Var-j-c ; when x = — c, y=0, and while 

x takes successive negative values from 0 to — c, y will take 
successive positive and negative values from 0 to 0 again, 
k 2 
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and therefore to the left of the axis of y there is a loop or 
nodus. 

And v *=±.?J+*f=0, .•.«.+4.=ft m d.=-i« 

determines the position of the maximum double ordinate ; 

and v ^=tanfl=oo when x—~c, the tangent at this point 

intersects the axis of x at right-angles. 

Take AB = c, and draw the tangent TBt±AB, take 

AN=^c t and draw the double ordinate PJCp = — (^j^, 

4 

which is the value of 2y corresponding to x= — -gc; the 

loop will pass through A, P, B, p. 

(2.) Trace the curve, whose equation is y=— F =(a±x) ; 

V a 

and show that there is an oval between x=0 and x~a ■ de- 
termine the position of the maximum double ordinate, and 
exhibit the form of the exterior branch. 

_. , fx , , /—/—<& 

firstly, y=— ^{a— x)= VaV x t=- 

Va v a 



Leta:=0, .% y=0, 
x< a, y is ±, 
x=a, y=0, 
x>a, y is impossible. 
Putting —x for x, y is impossible. 



Take AB=a. "Ip 
Then, 7 while 
- x increases 
from 0 to a, y has positive 
and negative values from 
0 to 0 again, .". there is 
a maximum ordinate somewhere between A and B, and AB 
is the axis of an oval. 

3 £ 

dy r- 1 2* 3 r 

Now — = -fa • — 7= 7==— 7= — r-7= v*=0, 

dx 2 -fx Va 2Vx 2Va 
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*/7i <tSx a 
:. — === — 3s = a, :. x=- denotes the point where 
■fx SZ, '3 

the maximum double ordinate cuts the axis of x. 

Secondly, y = (a -f x). 
v a 



Let x=0, :. y=0, 
x<a, yisz 



x>a, y>s±, 
Putting —x for x, y is impossible. . 



Draw BP=2a. Then, 
„• while x increases from 
0 to infinity, y has posi- 
tive and negative values 
from 0 to infinity ; there 
a branch above and 
below the axis of x exte- 
rior to the oval. 
No curve exists to the left of the origin. 
(3.) y 2 (a 2 +x 2 )=x 2 (a 2 — aP) is the equation to a curve; 
trace it, determine the angles at which it cuts the axis of x, 
and find its maximum ordinate. 

P+x*' 

If #=0, theny=0 Pat — aiforar, then 

x<a, y is possible ± if #=0, y=0 
x=a, y=0 x<a, y is possible + 

x>a, y is impossible. x=a, y=0 

x>a, y is impossible. 
Take AB=a, Ab= —a, in the axis of x, and the curve 

will pass through the points A, B, h. 

And when x > a, y is impossible, the curve cannot 

extend beyond B, 1. 
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a'x-2aV-x > 
~ {a*+x*)<> ' 
>lv_\ x(a!>-S>aV-*°) 



dx » (a 2 -! 2 )* (af+xf 
and putting a; = 0 and ±s in 1 
a 4 _ o 



tanfl = — = - 



± 1 = tan 45° or tan 135°. 



=tan 90°. 



(2«*)#(0) 

.". the two tangents at the point A are inclined to the 
axis of # at l s=45° and 135° respectively, and the tangents 
at B and b are _L to the axis of a; : /. the point A is a 
double point. 

a 2 +a p ' amax - 

«»+a«v+«'=2«', « a +o s =o ! v / 3, ✓2-1. 

Hence the greatest ordinate cuts the axis of x at points 

denoted by x = a\/ -/2—1 and — as/ Si — 1, and the 
length of this ordinate may be ascertained by substituting 
these values of a: in the equation to the curve. Thus 



-✓2- 



✓2-l=o(v^-l) 



=J/P, MP„ mp, mp,. 
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flexure when x=0 and oa/3, that the curve cuts the axis 
of # at an angle of 43°, that the axis of x is an asymptote to 
the two infinite branches, and that there are maximum or- 
dinates when at= +a and — a. 

—A 



Let x=0, 


".y=0 


x<a, 


y is + 




a 


x=a, 




x>a, 


y is + 


x=<x> , 


y=0. 



Put —x for x, then y= 
Let x~0, :. y=0 
x<a, yis- 



a' + x* 




Take J 15=a J 4&=— a, and draw 

the ordinates BQ, bq, equal to ^and — ^ 

respectively, the curve will pass 
through the points A, Q, q n its right- 
hand branch being above the axis of x, and its left-hand 
branch below it, the two branches meeting that axis again 
only at an infinite distance from the origin A. .*. the axis 
of a: is an asymptote to the two infinite branches. 

iV_ (.'tJ)'-(-iA)-»'(»'-^-2(J+»')-3« 
(<.*+*")* 

= — r-5 =0, if x=a*A or 0. 

Substituting aVZ— h,a-/3 + h respectively for x, we have 
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d 2 i/_ 2a'(a S3-K) { {a ^l-hf-Za'} 
dx>~ {a'+{a^3-h)'}' 
_ -3q»»(q </S-K) (2a ✓jj-ff 

which is negative, since 

= ; jb* —j , which is ooffUHML 

oV {«*+(« ✓3+4)=}' 

Hence ar=a V"3 indicates a point of contrary flexure ; and, 
substituting this value of a; in the given equation, we have 



P will be a point of contrary flexure. 

Also substituting 0— A, 0 + h respectively for x, 
<Py_ -2a*h(&-3<f) d 2 y_ 2a*k(tf-3g2) 

one positive, the other negative. .". the origin A is also a 
point of contrary flexure. 

d 2 v 

Hence also, y being positive and to the left of NP 

negative, the curve from A to P is concave to the axis of x, 
and consequently beyond P it is convex. 

Again 7 as x increases y at first increases'and afterwards 
decreases, having various finite values between its primary 
value 0 and its ultimate value 0, there will be a maximum 
ordinate somewhere on each side of the origin. 

Draw BQ=~, it will be a 
maximum ordinate. 



Oigiiizod By Google 



TRACING OP CUBVES. 



107 



tan0=— =l=tan45°. .*. the curve cuts the axis of or at 

the origin A at an z of 45°. 

(5.) Ky=«. show that the branches of the 

curve pass through the origin, and are contained between 
two asymptotes perpendicular to the axis of 
Let #=0, .*. y=Q Put — x for x, then 

x<a, y is possible ± if x=0, y=0 

x>a, y is impossible. x=a, y= — ao 

x>a, yis impossible. 
Take AB=a, Ab=—a; then, since at the 
origin A the ordinate is 0, and then as x i 
creases the ordinates increase until x=a, when * 
an infinite ordinate passes through B ; and, 
since the values of y are both positive and ne- 
gative, a branch extends on each side of the axis of x. 

Also, since when x is negative, the ordinates take values 
exactly corresponding to those when x is positive, the curve 
has similar branches to the left of the origin. 
dy a 4 +2a 2 x z —x A 
Aga " ™* PUttme * = ° "" 1 

±o in this expression, we have tan0=^=±l and co . 

.'. tan d = 1 = tan 45°, tan 6= — 1 = tan 135°, tan 0 = oo 
= tan 90°. 

Hence a tangent to the curve cuts the axis of x in the 
origin A at an angle of 45°, another through the same point 
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at an angle of 1 35° : and at £ a tangent to the curve is X 
the axis of x, and is coincident with the infinite ordinate. 
This tangent is consequently an asymptote, the branches of 
the curve do not extend beyond it, and they are convex to 
the axis of x. 

(6.) If (y— b) 2 =(x— a) 5 ; show that there is a ceratoid 
cusp when x=a, and that the tangent at that point is pa- 
rallel to the axis of x. 

If x=a, y=b. Take AB=a, BP=b, then P is the point. 

Nowy-5=±(*-«)f, .% J-±|(.-.)§-0 

when x=a ; .". tan(}=0, and the tangent to the curve at 
the point denoted by x=a is |[ to the axis of jr. 

Again > ^~~± -^-(#— a)^=0 when x~a ; 

and, putting a+h, a—k successively for x, 

< ~,= ±^- , /h, which has two values, one -4-, another — . 
do? 4 

d2 V _J 5 /—I v i • ■ 

v —II, which is imaginary : 

and since if x=a, ^=0, ; andifar=a — h, theyare 

both impossible .". the curve cannot extend y. 

to the left of P : also v ifx=a+h, ^ has I 

two values, one positive and the other negative, at the 
point P there is a cusp of the first species. 

(7.) Show that the curve, whose equation is r=^—jt has 

a point of inflection when r=^j and rectilinear and circular 
asymptotes. 
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rfl=-r=afl* (r~a)P=r, :.0= /\J 



de (r—ay 
dr 



—7==--; v But™= 



" rfr'-^i 2r*(r-«)»' r*-y~4 (r-«)*' 

r J -y _t' . 4(r-n)» T*_4(r-«)» 

f J? o?r ' ^ 5r~ +1, 

1 _ t(r-a)»+"V . art 
jo 2 «V ' "'"^(i— «)■+*, 

|«rV4(r-<,)» +< A— ari- 



»>_2 2y4(r-o)=+o ! r_ 
a!r 4 (r-o)»+« a >- _ft 

.". 3 {4()--<.) J +aV}-12r(r-o)!-aV=0, 
_3o 
-r= 2 ' 

Hence there is a point of contrary flexure, when r=- a. 
1 fi 2 — 1 

Again ~=~^gr ' r become infinitely great, then 

-=— =0, :. &-i=0, e=±i. 

ir 2r*(r-a)*' * 2(r-«)» 'Mr- J ' 

and, when r becomes infinitely great, 



tfr 2 



Diginz&a by Google 



110 SINGULAR POINTS, 

and, since ST remains finite -while SP is infinite, a tangent 
may be drawn which will touch the curve at a point infi- 
nitely distant from the origin ; this tangent is therefore a 
rectilinear asymptote : and 7 0 and S T have each two 
values, .". there are two rectilinear asymptotes. 

. . . , .1 , e 2 -! , 1 

Again, let r=a, :. -=s-— -, 1=__ = 1_ _, 




which ia impossible when r< a. 

Hence 7 r=a makes 8 infinite, and r<a makes 0 im- 
possible, there is an asymptotic ©, radius = a, within the 
curve. 

In the logarithmic and many other spirals the curve makes 
an infinite number of revolutions about the pole before 
reaching it ; hence the pole may, in such instances, be con- 
sidered as an indefinitely small asymptotic circle, that is, an 
asymptotic circle whose radius =0. 

The equation to the logarithmic spiral is r=a s , or r=fw" lS , 
a 

or r=ce a ; r increasing in a geometric ratio, while 0 increases 
in an arithmetic ratio ; the radii including equal angles are 
proportional. Its evolute and involute are RimilftT to the 
original spiral 

(8.) Trace the curve whose equation is »*=(i(2cos9±l)- 
Let0=a, :.r=a(2+l)=3a, 

0=30°, r=a(v / 3 + l),whichis<3a, 

0=60, r=a(l + l)=2a, 

fl=90, r=a(f>+l)=a, 
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Let 0=120, .\cos0= -cosG0= -~i r=a (-1 + 1)=0, 

6=150, cos9=-cos30=-^p r=a(- V3 + 1), 

which is < a, 

0=180, cos0=— 1, r=a(-2 + 1)=~a, 

0=210, cob0=-cos3O = -~> r=a(-Sl+l), 

which is < —a, 

0=240, cos0=— cos6Q=- ^> r=0, 

0=270, cos 0=0, r=«(0 + l)=a, 

0=300, cos0=cos6O, r=a(l + l)=2«, 

0=330, cos0=oos3O, r=a(v / 3 + I), 

which ia >2a, 
0=360, 0060=1, r=a(3 + l)=3o. 

Divide the 0** of a © into 12 equal parte, and draw 
radii through the points of division. Take AB=Za, AP, 
Ap each =a(v"3 + l), AC, AK each =2a, AO, AH each 

Take^-ff', ^tf'each=a(— + m&AF'= — a. These 
three, being negative values of r, must he measured in an 
exactly opposite direction, as AE, AF } AO. 

The curve, which is the trisectrix, will pass through the 
points B, P, C, D, A, H,K,p; and the interior oval will pass 
through A, F, F, G. 

Taking r=(t(2cos0— 1), a precisely similar curve is pro- 
duced, but turned the contrary way. 

Taking — 0 for 0, the same curve is produced, 
v 2cos(— 0)=2cos0. 
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(9.) Show that the curve, whose equation is (y 2 + 3^) 3 
=4a?a?}/ 2 , has a quadruple point at the origin, and that 
there are four loops or ovals ; namely, one in each 
quadrant. 

Let the equation be transformed into one under polar co- 
ordinates, putting x=rcosQ, y=rsinfl. 
(r*sin 2 0 + 1- W0) 3 = 4a Vsin 2 a rW0, r 6 =4 aPrhatfB co&d, 
r 2 =4a 2 sin a ecos 2 0, r=2asin0cos0. .". r=asin20 

1st quad. If 0=0, r=0, By put- ^ 

8=15", r=«»»30=|, for9th ^ 

a/3 curve is 
9=30, r=asin60=- 5 -a 1 , , 
' 2 reproduced. 

0=45, r—a sin90=ii, Take the several 

values of r at the 
6=60, >'=«»i»120=- r <". COITespondillg 

a angles. 
0=75, r—a sinl50=— > _ , 
' 2 In the second 

0=90, r—a sin 180=0, and fourth quad- 

„,„ a rants, the values 
2nd quad. 0=105. r=a6u>210=--> , . . _ 

^ ' 2 of r, being nega- 

a tive, must be 
3rd quad. 0=195, r=flsm390=^> . 

4 ' 2 measured in op- 

. ^ nosite directions. 

will be an oval whose axis —a in each quadrant : and the 
origin is a quadruple point. 

(10.) If r=atan0, show that the asymptotic subtangent 
is a, and that the curve is included between vertical asymp- 
totes. 
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Let 8=0, .\r=0, Let B=w + i5, ;.r= 
6=45° r=a, 6=^, r= 



0=135, r=— a, 6=2*, r=0. 

0=r, r=0. 
Take therefore S£=a at an angle of 45'' with the axis 
of x, the curve will pass from the origin S through B to 
infinity. 

And v those lines are said to be || which coincide only 
at an infinite distance, and v the asymptote will ultimately 
coincide with the curve and consequently with SP when 
both are infinite, the asymptote must be drawn || SP. 

There are similar branches in all the four quadrants. 

Now ^=a(l+tan 2 fl), ^=_J.__, 
_ d8 a?tm 2 d tan a 0 m . n x 

Take ST=a, and draw TP, || SP ; TP, produced is the 
asymptote. Hence, this curve is included between vertical 
asymptotes. 

(11.) x=a(\— cos0), i/=a8 are equations to the curve 
called the companion to the cycloid j find the points of 
contrary flexure. 

Let BDQ be the generating circle, centre 0, vertex D, 
radius =a, DM=x, MP=y, t Cl>OQ=d. 
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Let 6=0, .\#=0, y=0, 

7T T 

•=r * =a ' y= 2°' 

8=5+ «j .". cob0=— aina- 

(1+sinaVl .... 
v 7 | which increase 

increases. 



y =«(H, J« 



Let a=^> 6=?r, .".coBfl=— 1, — cosfl=l f 
a!=o(l + l)=2«, y=7ra. 
Putting — 0 for 6, a similar curve is produced on the 
other side of the axis of x. 



jnow — = —r> 

dx (iaa-x 2 )* 

d2 ^ -\ a{ ,ax-^-^) __ a{<l ^ ^ 
dx 2 2ax-x? (2«-^» 

Substituting a+h, a— A respectively for x in this expres- 
sion, -we have 

g Hf _ _„(_/,) ^ fa ^ 

^ {2«(« + A)-(«+A) a }3 ( a a_A3)S 

d 3 y 



—a{a— (a— ft)} 



—- — — — i which is negative ; 

da? {2a(a-h)-(a-hy}i (a 3 — A 2 )* 

;. there is a point of contrary flexure -when x=a, #=^«- 

D0=a. Take 0£ = ~a, Or= — ^a, each = arc Dn, 
BA=ira=xrc DQB ; the curve will pass through D, S, A, 
and S, r -will be the points of contrary flexure. 
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(12.) Show that the carve y i + 2axi/ 2 — aa?=0 hasatriple 
point at the origin, and determine the position of the 
tangents. 

4^p + 2a(#-3xp+y 9 )— 3<u>=0, where ^=^; 
(4jf* + 4 my)p = 3 aa? — 2 ay 1 , 

.". there may be a multiple point. 

Differentiating numerator and denominator, 

6 cur— iai/p 0 

^ = -___— if *=0 andy=0. 

' . 12^+4 nay + 4 «y 0 

Differentiating as before, 

_ 6a— bayq— 4a/> 2 * d 2 y _ 

= 6a-4gpg _ 3-V 
f 8 op 4/> ' * 011 y ' 

•••V-s-V, ••?=±7|-' 

Also f = • = — —4-, if i=0, 

.-.,,= - iU-?=_„, ify=0, 

/. the origin is a triple point; and -.• tan(3=— = -| — L_ 
dx V2 

and = ~ and also =co , .". the tangents cut the axis 

V2 

at Z s=tan -1 [-~f=j and tan -1 ( — -^=J, and at right-angles. 

* These repeated differentiations are sometimes tedious : they may, 
however, in such canes as this, be simplified by considering p cmistimt, 
as no error will arise from that assumption. Thus, instead of this 
equation, we should have had, by considering p in die previous one 
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(13.) In the diameter AB of a circle take a point C, draw 
a chord AP and an ordinate PN, and CQ parallel to AP, 
meeting FN in Q : trace the curve which is the locos of Q. 
AB=a, AC=b, AN=x, NQ=y. 
NP=. '/ax — 3?, equation to 0, 
CN : AN :: NQ : NP, or 
x—b : x :: y : -/ax—x 2 , 
:. xy=(x—b) '/ax — x 3 , :■ y = {x — b) ~~ * s 

the equation to the curve which is the locus of Q. 

Let^/=0, :. x=b and =a; leta;>tt, y is impossible. 
y has finite values positive and negative when x >b and < a. 

Hence the curve will pass through C, Q, B, and form an 
ot4 

By the question no part of the curve can be to the left of C. 
(14.) A rod PQ passes through a fixed point A ; find the 
equation to the curve described by P when Q moves in the 
circumference of a circle of given radius, and trace the curve. 

P(3=^=length of rod, diameter 
of © BQ=a, AB=b, qp position of 
rod when Q has moved along the 
arc $7, AN=x, Nq=y; then Nq*=BN> NQ. Euc. iii. 35. 
y 2 =(jr— b)-(a+b — x)=(x— I) (c—x), if c=a + l, 
= —x 2 +{b+c)x—bc. 
Let Aq=r, I A=d, :. y=remd, ar=rcosfl, 
r 2 shv'e = — r 2 cos 3 0 + (b + c) r cos 6 — he, 
r 2 — (b+c) cosQ-r~—bc, 
-"• *■= j { (6 + c) cos ft ± */(b + c) Wtf -4 be } • 

And v Ap=qp—Aq=R—r, by giving successive values 
to ft, and taking the corresponding values of r, the curve, 
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which is the locus of P, will be traced- If BD be the posi- 
tion of the rod when Q has described a J0, PB=BQ. 
Hence the curve is an ovaL whose axis PD=a. 

(15.) The equation to the spiral of Archimedes is r=ad ; 
trace the curve, and show that the origin is a point of con- 
trary flexure. 
Let 9=0, .-. r=0, 



0=2tt, j-=<x(6-2S32), 
0=qo, r=oo. 
Take the angles, and draw the corresponding lines for the 
values of r, and the curve may be traced. 

Put —8 for 0, and the values of r, being negative, must 
be measured in a directly contrary direction. 




Now 0=-, 



" <lr~ a 







dp 
' ' Tr 




when r=0 or 6=0; 
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and ~- changes sign immediately before and after the 
origin. 

."■ the origin is a point of contrary flexure. 
In the figure, if r commences its revolution above the 
axis of x in the first quadrant, the branch of the spiral 
ABCDEF will be generated. If negative values be given 
to d, and r be measured in a directly opposite direction, the 
branch represented by the dotted line will be traced ; and 
we shall have the double spiral. If r commences its revolu- 
tion upwards in the second quadrant, two branches will be 
generated, similar to the o'thers, but turned in a contrary 
direction, and intersecting them in the horizontal and ver- 
tical axes. 

This spiral was invented by Conon : but Archimedes dis- 
covered its principal properties. 

If a fly were to move uniformly from the nave of a wheel 
along one of the spokes whilst the wheel revolved uniformly 
about a fixed axis, the fly would describe this spiral. 

Teeth of this form are applied in the construction of 
engines in which uniform motion in a given direction is 
required. 

(16.) Two points start from the opposite extremities of 
the diameter of a circle, and move with uniform velocity in 
the same direction round the circumference, their velocities 
are in the ratio of 2 : 1. Determine the locus of the bisec- 
tion of the chords which join the positions of the two points, 
and find the polar subtangent of the curve. 

Let the diameter AB = 2a, and A be the 
position of the point which moves with a 
velocity equal to double that of the point 
at B. Now when this latter point has made 
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half a revolution, the former will have made a ( 

revolution, and consequently the two points will coincide 

at A. Again, the motions continuing, if we take any arc 

AC, and bisect it in D, C will be a position of the point 

which started from A, and D the corresponding position 

of the point which started from B. Draw the chord CD, 

bisect it in P, and join OP, OC, OJ). 

Let 0 be the pole, OP the radius vector =r, L A OP= 8, 

6 OP r 1 

then PO-D= f r> -^tf.=osPOD, or-=cos-(J, the equation 
3 OD a 3 ^ 

to the locus of P. 

To find the polar subtangent, 

1 a r . 1 . d& 1 

3 a 3 ar a 

I 1 1 
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Let 8=225, then cos75 = 
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003 90=0, 
Cosl05= 

cosl20= 
cos 135 = 
cos 100= 
cosl65= 



* 2^2 ' 



8 = 270, 
8=315, 

8=360, 

8=405, 

8=450, 

8= 495, 

8=540, cosl80=-l, r 
The negative values of r, which are 
measured in an opposite direction, are 
distinguished in the figure by dotted 



f=0, 





a ✓g-q 


2^2 ' 


* " 2^2 ' 


1 


a 


2' 


r ? 


1 


a 








S3 


2 ' 


r= — -r 


•/a+i 









By giving negative values to 8 the V 
same curve would be produced, but -j 
turned in a contrary direction. 

(17.) If aZy^ZbzP-x 3 ; show that there is a point of 
2A 3 

contrary flexure when x=b, and y=- 2 • 
/2a~s 

(18.) If y—1a A^J - , show that there are two 
points of inflexion when V= ±-^7=- 

(19.) If ax^—{x~a)y^=0 be the equation to a curve; 
show that there is a point of contrary flexure when x~ —2a. 
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(20.) H y=ax+bx 2 —cx i ; show that there is a point of 
inflexion when *=^> and V—^^ (9ae+2t a ). 

(21.) I£y = c+ {x-af{x~b)^- ) show that there is a 
double point when x=a, and y=c. 

x 2 

(22.) 1£ y=-^(a 2 —x 3 ) ; show that there are points of 

inflexion when x= ±-^=j y=~- 
VT * 6* 

(23.)!^.^, y=*imf, ^j^t 

a x~a * \x—al * {x—b)(x — c) 

be three equations having no mutual relation, and x becomes 
infinitely great in each; prove that in (l)y=co , and ^=co , 

in (2) y=oo, and ^=1, and in (3) y=0, and ^=0. 

dx v ' * dx 

(24.) If ^{x 2 — aty^x 4 ; show that the equations to the 
asymptotes are y=+x, y=—x, and that the curve lies 
above the asymptote : also show that the curve has two 
branches touching the axis of x at the origin, both being in 
a plane perpendicular to the plane of the paper, between 
two asymptotes which cut the axis of x at right-angles 
when;r=:+a, x— — a ; show that beyond these asymptotes 
the curve is in the plane of reference, and approaches nearest 
to the axis of x when x=a*/2, again receding towards the 
asymptotes whose equations are y=±x, and infersecting 
them at so in a point of inflexion. 

(25.) If y+ir 3 — 2or i =0 ; show that the equation to the 
asymptote is y——x+^> that at the origin there is a cusp 
of the first species, the two branches being above the axis 
of x and concave to it, that the curve cuts the axis of x at 
M 
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right-angles at a point denoted by ir=2a, where there in a 
point of inflexion, beyond which it approaches the asymp- 
tote whose equation is show also that there is a 
maximum ordinate whose length is Vi, when ar=~- 
(26.) If i* = -^=i show that » = — ? tt4r , an( j toat 

there is a point of inflection when r=a -/2, the curve being 
concave towards the pole when r is less than a-/2, and con- 
vex towards it when )• is greater than av2. 

(27.) y=a+a$ (x— a)v; determine the nature and posi- 
tion of the uusp. 

(28.) y 2 =— — — being the equation to a curve referred 

to rectangular co-ordinates ; show that the equation between 
polar co-ordinates isr=atanfl, and that the equation be- 
tween the radius vector and the perpendicular from the pole 
ar 2 

upon the tangent is p= ' • ' i rj^5 ' snow also how the 

branches of the curve are situated with regard to the plane 
of reference. 

(29.) If 9= — — i show that a line drawn parallel to the 

prime radius or axis, at the distance a above it, is an 
asymptote to the curve, that, when fl is +, the curve has 
an interior asymptotic circle, and when 9 is — , it has an 
exterior asymptotic circle. Trace the curve, and show that 
the rectilinear asymptote is a tangent to the asymptotic 
circle. 

, (30.) The equation to the Cardimd is r=tt(l + cosfJ) ; 
trace the curve. 
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(31.) If r=a ^ - ir ; trace the curve, and show that 

there is an asymptotic circle, radius=a, and that the curve, 
coming from infinity, continually approaches the convex 
circumference of the asymptotic circle on one side of the 
diameter, and the concave circumference on the other side 
of the diameter. 

(32.) The equation to a curve being ^= A^/ v 

show that it has asymptotes, at right-angles to the axis of a:, 
at points denoted by x= -f- a, x= —a, and other asymptotes 
cutting the axis of a: 'at 45°, and 135°, respectively; that 
there are minimum ordi nates when x= ±a\/ v^2+l. De- 
termine the value of these ordinates, and show the position 
and direction of the branches of this curve. 

(33.) y=a± {ax— a 2 )* ; determine, the nature and posi- 
tion of the singular point. 

(34.) aPyV+a 1 // 2 — a 4 =0 is the equation to a curve ; show 
that its asymptote coincides with the axis of x, and that 
there are points of inflexion above that axis at distances 

equal to + a A^J g > and — a A^/ ^ from it, and at dis- 
tances equal + and — from the origin of co-ordi- 

(35.) If x 3 — tp=a? ; show that the curve cuts the axis 
of x at right-angles, at the distance a from the origin, that 
at each of these points there is an inflexion, the part of the 
curve between them being concave to the axis, the part to 
the left of the origin being convex, and (he part to the right 
of the point denoted by x=a, concave. 
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(36.) If (x— a) 6 =(y— x) s ; show that the common tangent 
to the two tranches of the curve is inclined to the axis of x 
at an angle of 45°, that the curve cannot extend to the left 
of the point denoted by x=a, and that, at the distance a 
above that point, there is a cusp of the first species. 

(37.) If y= A / j — be the equation to a curve ; 

show that there is a point of inflexion at the distance — 

6* 

above the origin, and another in the axis of x, at the dis- 
tance — r from the origin. 
ai 

(38.) y=csin^ is the equation to the curve of sines; 

show that, at all the intersections of this curve with the 
axis of x, there are points of contrary flexure. 



(39.) y s =a 2 +x'/2a 2 — x 2 being the equation to a curve ; 
show that its branches intersect the axis of x at angles 

=tan -1 ±^=andtan" 1 ±'/2, that there are four double 

points in the axes of co-ordinates, at the distance a from the 
origin, and that the branches form two intersecting ovals. 

(40.) If r 2 =oi 2 8in20; show that there is an oval in each 
of the first and third quadrants, and that no curve exists in 
either the second or fourth quadrants. 



(41.) If the equation to a curve be aP+y 1 — 2 •/ axy=0 ; 
show that the axes are tangents, that p=0 and oo, and 
that the origin is a double point. 

(42.) If tan36=--> and tan8=-^- define a curve; 
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allow that it has a maximum ordinate at the point denoted 



(43.) Trace the curve, -whose equation is 2a^ + 3d 2 // 2 
+ 2a 2 x 2 =a 4 +x i , and determine the different angles at which 
it cuts the axis of s. 

(44.) Transform the equation (a~ x)y 3 =x s from rectan- 
gular to polar co-ordinates, and trace the curve. 

(45.) Trace the curve, whose equation is if —by*— ax 1 
=0, and determine whether it has a point of contrary- 
flexure. 

(46.) Prove that, in the logarithmic spiral, the equation 
to which is r=ae ma , the tangent constantly makes the same 
angle with the radius vector. 

(47.) Trace the curve, whose equation is — — • and 
ascertain the angles at which it cuts the axis of x. 

(48.) If the hour and minute hands of a watch were of 
equal length, and an elastic thread, so extensible as not to 
impede their motions, were attached to the extremity of 
each index, the thread representing a straight line of va- 
riable length, from 0 to the diameter of the dial-plate; 
determine the polar equation to the curve which would be 
described by the middle point of the thread, and trace that 
curve. 

(49.) If perpendiculars be drawn to the diameter of a 
circle, and from each of them a part be taken, measured 
from the diameter, equal to half the sine of twice the arc 
which it cuts off, the arc being measured from the same ex- 
tremity of the diameter; show that the equation to the curve 




and trace the curve. 



M 2 
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passing through the points thus determined is a lemniscata, 
"whose equation is y =~ -J a 1 — x 2 , and trace the curve. 
Bbc—At 

(60.) If y= — — ^— — there is an isolated point, de- 
termine its position, and exhibit the form of the curve. 

(51.) In a^loga;— x 2 y+j/=0, show that the origin is a 
point d'arret; and in y+ye-*— z=0 a point saillant, the 
branch corresponding to the negative values of x starting at 
an angle ■whose tangent is 225°. 

(52.) Transform (x i +y i ) 3 =a 2 y 4 to an equation between 
polar co-ordinates, show that the pole is a quadruple point, 
and exhibit the form of the curve. 

(53.) Show that the curve, the equation to which is 
ay 2 =(x— a) 2 (x— b), has a singular point when x=a s a con- 
jugate point if & is greater than a, and a double point if a 
is greater than b. 

(54.) ACB is a semicircle whose diameter is A B; draw an 
ordinate NC and a chord A 0, then NP being taken in the 
ordinate, always equal to the difference between the chord 
and the corresponding abscissa, show that the locus of P is a 
parabola, and that there is a maximum ordinate when the 
abscissa and corresponding ordinate are equal. 

a 2 x 

(55.) Show that the curve, whose equation is y=-j— — > 

has three points of inflexion ; and that, when x= '/ab, the 
tangent is parallel to the axis of x. 

(56.) If r=a6 n j show that there are points of contrary 

flexure when r=0, and r=a (—n 2 —nf; and that this equa- 
tion comprehends those of the spiral of Archimedes, the 



OigiiizM By Google 



TRACING OF CURVES. 



127 



lituus, the hyperbolic or reciprocal spiral, and an infinite 
number of spirals. * 

(57.) Show how the trisectrix, the equation to which is 
j-=a(2cos£t— 1), may be used to trisect an arc or angle; and 
explain the difference between the generation of this curve 
and that of the catdioid. 

(58.) Prove that the angle at which the logarithmic or 
equiangular spiral, whose equation is r=a s , cuts the radius, 
is constant, and that the radii which include equal angles 
are proportional. 

(59.) If x=a(8-emn8), and y = a (1 -ecosfl) define 
the trochoid ; show that, at a point of contrary flexure, 

(60.) A circle, which continues constantly in the same 
plane, rolls, like a carriage* wheel, along a fixed horizontal 
line ; the curve described by a point in the circumference is 

the cycloid. Find the equations jjj^ = an< * 

(61.) Ascertain the loci of the transcendental equations 

(1) y — x 1 + cosar •/ — 1, 

(2) y=s?± ^1-osec 2 ^. 

(62.) Show that, in curves referred to polar co-ordinates, 
ds r 2 

$ being the length of the spiral, - r -= — Investigate the 
ad p 

r n+2 

equation between r and d when p 2 =-^-^- n > and between 
p and r when r—asmnd. 

(63.) If a, and b, be two conjugate diameters of an ellipse, 
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<p the angle they make with each other, and — ^ — | — — =— 

the polar equation to the ellipse referred to the centre ; 
prove that a 1 2 +6, 2 =o 2 +i< 2 , and a,h,=ab coseatp. 

(64.) Trace the curve, whose equation is ay 2 =aP—la?, 
and determine the number and nature of its singular points. 

(65.) Let BAC be a parabola, A the vertex, and BC the 
latus rectum ; in BG take M and N equidistant from B and G, 
draw MD and NE perpendicular to BC, to meet the curve 
in D and E, draw CD cutting NE in P. Determine the 
equation to the locus of P, and trace the curve, 

(66.) A straight line DAE, at right-angles to the dia- 
meter ACB of a circle, moves, parallel to DAE, along the 
diameter, whilst a line which at first lies on the radius GA, 
revolves with a uniform angular motion about C, intersecting 
the other moving line in P ; show that the equation to the 

curve traced out by P is y=(o— :r)-tan^-; that the curve, 

which is the quadxatrix of Dinostratus, has an infinite 
number of infinite branches intersecting the axis of x, and 
that the moving parallel is an asymptote to two infinite 
branches. Show also that, if this curve could be geometri- 
cally described, the ratio of the diameter of a circle to its 
circumference would be determined. 

(67.) A globe, whose radius is a— b, vibrates in a hollow 
hemisphere, whose radius is a, in such a manner that a great 
circle of the globe coincides with a great circle of the hemi- 
sphere ; determine the curve traced out by the highest point 
on the globe in one revolution, and exhibit the polar equa- 
tion. 
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CHAPTER XV. 

CURVATURE OF CURVED LINES. RADIUS OF CURVATURE. 
EVOLTJTES. 

Rectangular Co-ordinates. 

If the equation to the osculating circle, or circle of curva- 

r dx 
d 2 v 

g for R being considered positive when the curve is 

concave to the axis of x, and negative when the curve is 
convex ; then 

* = _(I±£2» y-^-I+ii ,-*=l±£. r . 

q q q 

a. and j3, being the co-ordinates of the centre of the radius of 
curvature, are the co-ordinates of the evolute of the curve. 
If m=0 be the equation to the curve, 

fdu\ 2 d 2 u ^dudu d 2 u ^ /dtc\ 2 d 2 u 
1 \dy) dx 1 dx dy dxdy \dxl dy' 1 

R ~ tt—\ 2 a.(—Y\* 
\\dx) + \dy) f 

The middle term of the numerator in this expression, 
vanishes when the value of u is the sum of two parts, one 
involving x and the other y. 

The distance from a point in the curve to the intersection 
of two consecutive normals is the radius of curvature at that 
point. 

The normal to the curve is the tangent to the evolute. 
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Polar Co-ordinates. 
If Ji be the radius of curvature as l«fore, r the radius 
vector, 0 the angle traced out by r, and p the perpendicular 
upon the tangent, 



T rf» 2 JO 2 



^ do* dti* 
To find the equation to the evolute to a spiral ; r and p 
being taken as co-ordinates of the involute, r, and p, as cor- 
responding co-ordinates of the evolute, we must eliminate 
£, r and p from the four equations 

p=/(r), p,=Q*-p*fa Z=r^> r?=r*+lP-2Bp. 

Ex. (1.) To determine the radius of curvature at any 
point in the common parabola. 

y 2 =imx, the equation to tho curve, 
d.y 2m 



«= 



dm dx 
_<Py__2m dy__2m 2m_ 4>« 2 
da? y 2 dx y 2 y y 3 



, , , 4m 2 4m 2 + y 2 im 2 +imx 

l+f=l + ^=—?- Z '— 

■ ,_ {*"("■ + *))* y _2( m+z)t 

q y> 'im' ,„i 

Since this expression for the radius of curvature diminishes 
a x di m i nish es, R is least -when ;r=0, and then R=2m 
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= half the latus rectum ; hence in the parabola the point of 

greatest curvature is the vertex. 

(2.) The equation to the rectangular hyperbola, referred 

to its asymptotes is xy=m 2 \ find the radius of curvature. 

dy ihj m 2 . m a 

x-j-+y=0, x~= » ..J»= 

dx dx x r x 2 

_d*y _2m'x_2m> 

g ~dx*~ x 1 ~ x»~' 

„_ 1 , m i _ x 1 + m 4 _x i + x 2 y 2 _ x s +y 1 

i+ x>~ af ~ x> ~ x* ' 

. (1 +p<)i _ {x'+y^ X s {x'+j^i 

q ~ x? '2m' 2m' 

(3.) If the equation to a circle he x 3 — a(x — y)+y'=0 ; 

find the radius of curvature. 

y'+ay=ax-x', (2y+a)^=a-2x, 

a-2x (»-2^) 2 
■' p -»+2 J ,' ^-(«+2#' 

1+ ^- 1+ (i+2# (i+W 

- i H»)-»- i «)., _ - i ''^- 1( '- i ' 1 ^ 

1 (« + 2# (o + 2y)' 

. 8{(. + fr)'+(.-8-)'} 

" '- (a+2y)> 

N „ w fi= _ (i +?>')»_ {(°+W +(< — a»y}« 

J 2{(«+2 y y+(«-2*)»} 
_ {(a+2y)'+(a-2xy}i _ (3<^)* _ « 
2 2 2*' 

(4.) Find the radius of curvature to tile hyperbola, and 
determine the equation to its evolute. 
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U 

yt = — (a? — a 2 ), the equation to the curve, 
dy i'x dy Vx . . I'x* 

„ ,, iff 

s ~5# s 5 / ~ »y «v 



Hence S= - — — =— ^ — 

(«V + tV-» 4 )t _ {A 8 +" a («'-l)*'-<' 4 } ) 

— a 4 6 a 4 6 
(cW-a*)* _ {«' (*»»-<■')}* _ <■' (gg ~ 

— a 4 6 " a 4 ^ » 4A 

= il i-=radiu3 of curvature. 

ab 

To find the equation to the evolute, 

_ o»6 

(aW-a*) («■-»»)* «') (»»-<■»)* 
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— r {— ^)— $ 

■ V , »*- (W* 

" J» («<!)»' }2 („,)#' 

e 2 ^! 3 m a? g a? a j 2 _ a? 

— a 2 " ~a 2 a 3 as 2 ^ ffl f fl £ 

(i/J)t- («*)*= - (ae)i= - {a?<?)%= - (a? + P)l 
(aa)$— (6/3)t=(a a +J s )f the equation to the evolute. 
(5.) Show that, in the catenary, the radius is equal hut 
opposite to the normal. 

tf=^(e"+e "), the equation to the curve, 
&y a /e" e "\_e a — e " 

_l' s _2a»y_2y 
* da?" a 4 a?' 

■ K _ ( 1 +i°') < _y I «'\_ f 
q a s \ 2yl a 
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But the normal N= S aJ l+~=y ^+P 2 =y~~ +^ ' 
Hence the radius of curvature is equal but opposite to the 
normal. 

(6.) Determine the radius of curvature and the evolute 
of the cycloid. 

■UtAN=x, NP=y, CD=2a. 
£=versin g + S2ay—p ; thfi equation to tBe curve. 




d'y 2a iy . i 

Henee ^-SLtjS-tf.*-*** 
Now CW= CE*+EF'=CE' + CE-ED = ! j>+!/(t*-s), 
. CJ? _ :. J(=2 W=radius of curvature. 

To find the equation to the evolute, 

' ' q s « 



Substituting these values of a. and 0 for the co-ordinates 
in the equation to the curve, we have 

0 . »-^-2«fl-fl* ■ m 
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Taking CA,= OD, and A,B„ parallel tol.fi, aa the axis of 
the abscissae, and substituting /3, — 2a for (i, and xa —a, for a, 
■x-a being equal to AC; the origin will be transferred to A., 
and equation (1) will become 

... a =versin i±^S3:', ,. 2 _w=v OT( „-^. 

a a v 7 

And v Afl^a,,, and i^,i ) l =/3 1 , this equation to the evo- 
lute is the equation to another cycloid originating at 1 , , and 
whose generating circle is equal to that of the given cycloid, 
but moves in an opposite direction. 

(7.) Show- that, in the common parabola, the chord of 
curvature through the focus is equal to four times the focal 
distance ; and find the length of the evolute in terms of 
the focal distance and the distance between the focus and 
vertex. 

Let the focal distance SP=r, the per- 
pendicular from the focus upon the f 
tangent, S7=p, and DS=2SA=2a=c. 

Then, by a property of the parabola, SY^^SP-SA, 
„ cr dp c dr ip 

01 7 t -yt-r r P =i- 

Chord =2»±=^=5.?=4r=4OT. 
r dp c c 2 

Again, y 2 =iax, the equation to the curve, 
" dx y' " P y 1 ' 
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_dhj_ 2a dy_ 2a 2a_ ia ! 
^ dx 2 y 2 dx y 2 y y 8 ' 

- R= <* +;>*)* _ ( 4a ("+*))* f _ a(a+ a )* _2U* 
q y 3 '4a 3 a* 54* " 

Hence, length of evolute s=R—c=— — ~ — 2SA 
~ SA* 

The form of the evolute, which is a semi-cubical parabola, 
is represented in the figure, by the lines ev, ev,. 

(8.) Find the value of the radius vector in the spiral of 
Archimedes, when the radius of curvature equals the chord 
of curvature. 

r=a8, the equation to the curve, 

dr _ , dr r 1 ^ t 2 — p 2 



-f*=<A 



, — =a, —!—=— - 

p p 2 f 

r i -p 2 r'=ay, 



But ^+a*. P=- 



? -r- T ., .-r-f+sr r -(? + a*)i 

— (r 2 +a s ) 

dr ^+aty __ (r^-M 2 )* 

>" 3 ( 2 ^--^f 2(r3+2fl:,) " 
\ r^+tt 2 / 
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Not chord- S.* 1 -;. gg+^- - W±*j 
Sow, chord- 2p y-M-,,^,!^-^!^ 

And, comparing this value of the chord with the value 
of the radius of curvature, already determined, it appears 
that radius = chord if (r i -M 2 )*=2r(r ! +a 2 ), or 

(r 2 +« s )*=2r ) r»+a*=4f*, 3r»=a* :. r=^=- 

(9.) To find the radius of curvature in the semi-cubical 
parabola. 

2 #3 

y* = "g — ' tne equation to the curve, 

</j> a r dx ay 

_ aV+:r < _ 2aa 3 + 3.E« 

„ n 2«*y — 03 2 - — 

_d'v _2axy — ax 1 -p _ ay 

?_ 5;" 2_ «y 5y 
~ «y ~~ ay _ 3 a y _ 3«y' 

How *=-<I±£2 = _ 

V 3«y / ;r* 

(2a + 3*)M 3ay__go + 3^W 

~~ 3ln"j» «< 3*a 
» 2 
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(10:) Find the radius of curvature and chord of curvature 
in the cardioid. 

r=a(l + cosft), the equation to the curve, 

<*—.^e, H= L_. a.t 2__JL 

dr asind 



d& 



dr 



_P 



1 



But v acos6=r-a, a 2 ooa i d=r 2 -2ar+a 2 , 
.-. *^z££* _ r 3 =0 3_( r a_2a r + a 2), 

r r 

■A dr r 2 

% ^-2at, ^2ap 2 , 3r*— =4:a-p=±a~ 

dp -/2ar 



rf,p 3 



(11.) If R and i£, respectively represent the radii of cur- 
vature of an ellipse at the extremities of two conjugate dia- 
meters; show that i$ 

Let Pp, Qq be two diameters, then if the 
tangent at Q be parallel to Pp, or if the tan- 
gent at P be parallel to Qq, they will be con- 
jugate diameters. 

Let CP=r, I PGA,=B, CQ=r„ 

„213 

(1) 21og P =logo 2 6 2 -log(« 2 ^-^ ^ -> J, ), 

2 dp_ 2r 1 dp p_ 




■'dr~a?+V-r' 



Digitized Of Google 



dp P 00 
_ ( 0 a + }i- r 8)t 



(oi)t ' 
Hence * + ^!£±H=f±!2. 

But since, in an ellipse, the sum of the squares of any two 
conjugate diameters is equal to the sum of the squares of the 
major and minor axes, therefore (2a)2 + (2fi) 2 =(2r) :i +(2r,) z , 
or ai 2 +J 2 s=r a +r, 2 , 
, „, <i*+6 2 a* 6* 1 fit 3 /¥ 

The form of the evolute of an ellipse is represented in the 
figure. 

(12.) Find the equation to the evolute of the logarithmic 
y=ae", the equation to the curve, 
dx a a da? a dx a a a 2 ' 



.■N OT ,_/j__lii2=_S^.i._i±*;, 



+ l| — if 



-8o» . g±(g-8»3* 



f +i — nr— •'■ i™ 
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da 



da (3±:(lP-8a*\i , t1 _ _ 

. . — a — =: '— i8 the equation to the evolute. 

dji 4 

(13.) If D be the point of intersection of the directrix and 
axis of the common parabola, and PN~, QM 
l>e ordinatea of corresponding points in the pa- 
rabola and ita evolute; show that DM=$DN. D 

The evolute of the common parabola is the 
semicubical parabola. 

The normal to the curve is the tangent to the evolute. 
y 2 =iaa: l the equation to the common parabola, 
4 

/3 2 =^y^(a— 2a) 3 , semicubical parabola, 

y,—y— — x), equation to the normal, 

••■ *-*=-&<*-*)• 

V . 

Let y=0, then z,=z+2a, the part cut off from tlie axis 
of x by the normal to the curve. 

Again 21og/3=log~+31og(*-2,>), 2*11=$.-^-, 

.'. a— *ke P art cut °^ ^ cam ax * 3 
the tangent to the evolute. 

-?±^- 3 1 + 6»=«+4., 



EV0LUTE3. 

But DN=a+x, x=DN—a, 
DM=a+a, a=DM-a, 
:. DM~3a=SDN'-3a, 



141 

a—2a=DM-3a. 
DM=3BJf. 



(14.) In an ellipse, e being the eccentricity, determine 
the radiua of curvature in terms of the angle made by the 
normal with the major axis. 

" 75? 



Normal PG=y / 



Now y=~ Sa J — 3?, the equation to the ellipse, 



dx 



V>x> _ a*-(a*-W)x> _ n>-eh? 

...p+y^KzSfl!. - 

Hence 5: 



(i+yO* -(»' 



and y = — 



(«>_«»>» 



(1) 



1 



Now sin 2 A=— g=-3 



1-eWtf, 

1 — e^sin^ 

1— e^surfy 1— (%m^ 
and, substituting this value of a'—e'a? in equation (1), 
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a(l-e*)$ _ a Jk=ft 
(1 ■ (1 -e%in»$ (1 - Ain^)* 

(15.) An inextensible cord AB is attached to a stone 
at B, and a person holding the other extremity of the cord, 
moves with it at right-angles to AB uniformly along the 
straight line AC; it is required to determine the equation 
to the curve described by the stone, and to find its evoliite. 

Let the person be supposed to move in the direction A C 
until he arrives at any point T, while the 
stone moves along the curve BP ; the cord 
will then be in the position PT, and since up 
to this moment the stone has never been so 
near to the line AC as it now is, the line PT produced 
would not cut the curve BP ; hence PT, or the cord in any 
position, is a tangent to the curve. 

Let AW=x, NP=y, AB=a ; then 

Subtangent NT=y^-> and NT^=PT^-NP\ or 

V " (J) =a2 ~y 2 ' - y Ty = ± ^ a2 -^' the equation 
required. 

Hence the curve is the tractory, and AC is its directrix. 
The equation may be readily reduced to y z^/* + ~T^ =a > 
a form in which it is frequently given. 

To determine the evolute ; =i=p- —1, 
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the equation to the evohite. Hence the evolute to the 
tractrix is the catenary. 

(16.) The equation to a circle being t/=(a 2 —a?)% • prove 
that the radius of curvature equals a. 

(17.) -^+^-=1 being the equation to the ellipse; show 

that the radius of curvature is — ; wnere eccen _ 

ao 

tricity e— — — — — ■ 



(18.) In the cubical parabola, whose equation is y=g— 

■show that the radius of curvature is — ( ffl + a!< )^ > 
2a 4 x 

(19.) Prove that in the circle, parabola, ellipse,, and hy- 
perbola, or in any plane curve whose equation is of the 
second degree, the radius of curvature varies as the cube of 
the normal. 
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(20.) The equation to the rectangular hyperbola is 
y 2 — x 2 -j- a 2 = 0 ; show that the radius of curvature is 
(-,3? ^a 2 ) ^ aa| ^ tnat t ]j e e q m ti 0Il ^ jj 8 evolute is 

«»_ i 3l=(2 a )*. 

(21.) Determine the radius of curvature to the curve 
_dx 

y 

2.) The polar equation to the lemniscata of Bernouilli 



(23.) Prove that the length of the arc of the evolute in- 
tercepted between two radii of curvature is equal to the 
difference between the lengths of those radii. 

(24.) Show that iu the common parabola, whose equation 
is y 2 =&ax, the radius oi curvature is greatest at the vertex, 
that the radius of curvature at that point is half the latus 
rectum, and determine the equation to the evolute. 

(25.) If Jf be the normal and S the radius of curvature 
to a point in the ellipse ; prove that N s a i +Bb i =Q. 



2^(4^-^) 

(27.) Itr=f(d), find an expression for the radius of cur- 
vature, that is, prove that 

_ dr f^+W) 
H=r-j-= 
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(2 8.) The equation to the logarithmic or equiangular spiral, 
referred to p and r, is p=mr ; show that the radius of cur- 
vature is A;' and that to this spiral the evolute is a similar 
mr 

spiral. 

(29.) ^2+^ = ^ being the equation to the ellipse ; show 

that the equation to its evolute is (a*)*+(J/3)*=(a a — 6 3 )*, 
and exhibit its form and position with respect to the centre 
of the ellipse. 

(30.) In the hyperbola, the focus being considered as the 
pole, the length of the perpendicular on the tangent is 

7 : show that the chord of curvature through the 

(2«+r)*' * 

, . 2r(2a + r) 

focus is — i '— 

a 

(31.) The equation between p and r in the epicycloid 
ib (c 3 — a i )p t =c 2 {r 2 — a 2 ); prove that the radius of curvature 

(32.) The equation to the involute of the circle is 
aS+asec -1 ^=(r 2 —a 2 )^; prove that its radius of curva- 
ture is p, and that its evolute is a circle whose centre is the 
origin, and radius a. 

(33.) The equation to the hypocycloid is x&-\-y%=<$ ; 
show that the equation to its evolute is 

( a +p)i+(x-0)i=2 a t 

(34.) Referring to example 22, and letting R and R, re- 
spectively represent the radii of curvature at the extremities 
0 



Digitized by Google 



146 



RADIUS OF CURVATURE, 



of the major and minor axes of an ellipse, prove that the 

/a 2 l 2 \ 
length of the evolute is 4 \ — —j ■ 

(35.) R being the radius of curvature, and s the length of 

an arc of a plane curve : show that R= + 

axd'y 

(36.) Considering the earth to be an oblate spheroid, or 
ellipsoid, 2 a its equatorial and 2 b its polar diameter, m and m, 
respectively the lengths of an arc of 1° of a meridian in 
two given latitudes X and A,, and considering these lengths 
to coincide with the osculating circles through their middle 
points ; show, by reference to Ex. 14, that the 
equatorial diameter : polar diameter 
:: {m$sin 3 \— m,$sin 2 A, } * : {m^coa 2 *.,— m^cos 2 \}*. 

(37.) Show how the result of the last example would be 
modified if one of the arcs of the meridian were measured 
at the equator. 

(38.) Let AP be a parabola, P any point in the curve, 
draw the tangent PT, and the normal PG ; through T, the 
point in which the tangent intersects the axis of abscissae, 
draw TQ at right-angles to that axis, produce PG to meet 
TQ in Q ; prove that the radius of curvature at P is equal 
to GQ y and show the centre of the osculating circle. 

(39.) The equation to a curve being a;— sec2y=0 ; show 

that - = 2x(x 2 ~l)^. and that the radius of curvature 
P 

is - — -. '— 

ix 

(40.) If, in the common parabola, a point, determined 
by x=3a, be taken ; show that the part of the radius of 
curvature below the axis of a; is 12 a. 
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(41.) If ds represent the small arc between two points 
(x, y), {x+dx, y+dy), in a curve, and R the radius of cur- 
vature, investigate a general expression for that radius, 
whatever be the independent variable ; that is, prove that 

R=j 2 ^ d 2 dx thence deduce expressions for S 

when x, y and t be severally taken as the independent 
variable. 

(42.) Show that, if an in extensible thread were applied 
to the evolute of a curve, and were to be gradually unwound, 
a fixed point in the thread would describe the involute or 
original curve. 

(43.) Prove that the tangent to the evolute is the normal 
to the involute. 

(44.) Prove that, when the radius of curvature is either 
a maximum or a minimum, the contact is of the third order. 



CHAPTER XYL 

ENVELOPES TO LINES AND SURFACES. 

Considering the evolute to a curve to be generated by the 
ultimate intersections of consecutive normals, the evolute is 
their envelope. 

If f(x, y, a)=0 be the equation to a system of known 
curves, intersecting each other in points determined by x 
and y remaining constant whilst the variable parameter a 
undergoes an infinitely small variation so as to become da, 
the problem of finding the equation to the envelope resolves 
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itself into that of finding an equation involving x, y and 
constant quantities only, a being eliminated between the 
equations fix, y, a)=0, and /(x, y, a+da)=0. 

If there are several equations of condition involving the 
parameter, it is expedient to have recourse to the method of 
indeterminate multipliers, as in example 2. 

This method of finding envelopes may be applied to the 
determining of the equation to the evolute of a curve. 

Ex. (1.) A series of equal ellipses are so placed that their 
axes are in the same straight lines, the ellipticities alone 
being variable ; find the equation to the curve which will 
touch all the ellipses. 

Let the constant rectangle ab—m 2 , 

a 3 6 s 

Here, a and b being variable, we must consider x, y and m 
constant, and differentiate with respect to a and 6. 
3».2a f-2b db t- d A--^ 
<f 6< 'da ' »' da~ a»' " da~ ah?' 

<"> r. . <"• 6 



= 1, the equation to the ellipse. 



'da 



:. 2xy=ab=m 2 , the equation to a rectangular hyperbola 
referred to its asymptotes. 

(2.) A straight line, whose length is /, slides down be- 
tween two rectangular axes x and y ; find the equation to 
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the envelope of the line in all its positions, that is to the 
curve to which the line is always a tangent. 

Let a and 6 he the variable intercepts of the line on the 
axes, then 

-+|=1, the equation to the line, 

efl+P=P. Euc.b.Lp. 47. 

Now, a and b being variable, we must differentiate consi- 
dering x, y and I constant. 

-5-S-p= 0 ' ■ ■ W 

2«^ + 2J=0, o*> + MJ=0. ... (2) 

Multiply (2) by the indeterminate multiplier X. 
\ada + \bdb = 0. Add equation (1). 

(^+\ajda+ (jL+\b*)db=0. 



:+f+X(aHS I )=0, 



.-. «=IU, fell/ n'+b'=li(A+^)=P. 

Hence x$+y$=ll, the equation to the locus of the ulti- 
mate intersections of the line. 

(3.) To determine the curve whose tangent cuts off from 
the axes a constant area. 

o 2 
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First, if the axes be rectangular, let a and b be the vari- 
able parts cut off, and m 2 =the constant area. 

^+|=1, the equation to the line, . . (1) 

~=:m 2 , the area. .... (2) 

Now, differentiating with respect to the variables a and b, 
considering x, y and tn constant, we have from (1) 
x y db . db Wx 

J _2m 3 ■ db - 2m2 

~ a "da « 3 



=2*i 2 ~ 



v'ic 



& v^2 - «i v'y -fy 

.-. 35 | y =a; . {l. | y ^ _ - ^ | ^ = i 
"a £ •/2m •/2m</y m m-fz 

:. 2-/xy=m-/2, -/xy=-^=> a^s=— » 
v2 2 

the equation to a rectangular hyperbola, whose asymptotes 

are the axes of x and y. 

Secondly, if the axes be oblique, let them be inclined at 

any angle a, a and b being the parts cut off, and m 2 the 

area; then 

ah sma. =m2 .Ml <tt_ 2m» I 

2 / aina a da~ sin a a 3 

(£6 J'a: 

Also -r-= =- as in the first case. 

da ahj 
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h 2 x 2m? 2m*y , -/2 m -Ai 

Hence —=-&—, — , b i = — : — > (/=—-- - ■ — — , 
a?y a*sma. Kama v^aVsina 

2m 2 Wv^ AttVe 



isina v^m i/sina -/yv 



a A v / 2~ m */x •/2m -fy mVI 
m 2 

:. xy=—. — i the equation to a hyperbola whose asymp- 
totes are the oblique axes Ax, Ay. 



(4.) Determine the equation to the curve which touches 
all the curves included under the equation 
a? 

y=xt&nd r~, 5-' the variable being Q. 

in cos^fl 

Differentiating with respect to 8, considering x, y and A 
constant, 

1 8^a^cos8sinfl & sinS 



0=3 



cos 2 fl 16A 3 coB 4 0 2A'cosfl 



X 2 X 2 

Hence y—2h— ^ —k=h— ^ the equation required. 
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If, in' this problem, we consider h to vary as well as 0, 
and if some constant area m 2 =A 2 sin 3 flcos9 ; then we have 

y=:rtan0 — — >---(l) and k= — J* - , ■ ■ ■ (2) 

4Acos 2 0 frin$0cos*0 

x 1 a^sinifl 

/. y=xtxn.Q - =a;tan0 —> 

*rn cos-'tf 4m cost fl 



sin8f)cos*0 

.*. w=;rtanfl— -^-tan^g. 
4m 

with respect to 6, considering x, y and m 



constant, 

~3 3 . 3- , 

O=;rsec 2 0- -. -tan*0-sec20, tan*0=l, 

tan*0=^, tan ^=W 
Whence by substitution in (1) we have 
_64m 2 a? 512m 3 _64mg 128m 2 
? ~ 9a: 4m ' 27^ ~ 9ar 27* 
_ 192m 2 -128m 2 _64m 2 _/4\ 3 

(5.) Two diameters of a circle intersect at right-angles ; 
find the locus of the intersections of the chords joining the 
extremities of the diameters, while the diameters perform a 
complete revolution. 

Let AB, Ab be two semi-diameters at right- 
angles, 2a the diameter of the circle, A the / 
origin of co-ordinates, r=AP the line joining r 
the origin and point of intersection of the 
chords. Then 

AP r . . 1 . a 

AB a */% 
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Now, this problem is the same as that of determining the 
curve to which the chord at its middle point shall he con- 
stantly a tangent; and y = m& + vS wt a -f 1 is the equation 
to a straight line, r being the perpendicular upon it from 
the origin. 

Differentiating this equation with respect to m, consider- 
ing X, y, and r constant, 

r m*+l _r* 
x m 2 a? 




a 5 

x 2 +y 1 =r i =-^-> the equation to a circle, whose radius 
i3 -7=' and whose centre coincides with that of the original 
circle. 

(6.) If {x~af+{y-bfJ r ^=r l , andoa+i^c?; deter- 
mine the equation to the envelope of the system of spheres 
denned by these two equations. 

Differentiating with regard to a and b, considering x, y, z 
and c constant, wo have, 

( »_„)* +Jf _ i= o, „* +}=0 . 
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Multiplying the last equation by the indeterminate multi- 
plier X, and adding, we have 

(»+Xa-»)<fa + (ji+XS-S)<ii=0, 
.'. x«+z-«=0, ...(1) XS+j/-S=0, ...(2); whence by 

ehminating X we have — 

a o 

Again (1) Xo>-r<il-» ! =0, (2) XJ»+iy-S ! =0, 
.-. X(a ! - r i ! )+o»-r5y-(« , +i I )=0, 
... x= l_ !£+*£, ...(3) vrf+i»=A 



But ax+by= r =(ffl 2 + 



Aleo^+^^-H^K + ^y ••— „■ 

Hence X=l=F ( -^±^- Snbstitnting in (1), (2), 

«±^(*»+y ! )*=-(»-»), *±|<^+*^*=— <r— 
a>± i'-'f. 

= ( ;r _ a )2 + ( y _6)2 or 
«*±2c(*»+ 3 i 3 )*.H*»+y 1 )=:r B -** 
.-. 3^+y 2 + ^±2c ( i r 2 4-y 2 )*=r 2 — <? is the equation to the 
envelope of the system of spheres. 

(7.) Two straight lines ft and v, of variable length, are 
drawn at right-angles to the axis of x, one of them v passing 
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through the origin of co-ordinates : now if they vary in such 
a manner that the rectangle contained by them is a constant 
quantity equal to b 2 ; determine the curve to which the 
straight line passing through their upper extremities is 
always a tangent. 

-UtA2)=v, BC=p, AB=2a, AN=x, NP-y. Then 

PN_ BC _AD 
TN~TB~AT' or 



y f* 

AT + x AT+2a AT' 



.-. y-AT=v-AT+ v x, and y-AT+2ay= fi .AT+ llx> 
( s -,)AT=y X , {s-fiAT^-Uy, 




v-p- 

_ iizc—1ay 



fi 2 x~fi.2ay+P(x-2a), 



fPx fix— 2 ay 

where /i alone ia to be considered variable. 
Differentiating with respect to p, we have 

;.,=% SJW. 

Hence, by substitution, ^-=^-^.^.i2(x—2a), 
a 3 y=i 3 (2oar~a! 2 ), or 

Ji 

y 3 =-^(2ax—x z ), the equation to an ellipse, referred to 
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(8.) If a series of parabolas be included under the equa- 
tion p 2 =a(x— a), a being the variable parameter; show- 
that they ■will all be touched by the two straight lines de- 
termined by the equations y— +2 X ' P = ~2 X ' an< ^ draw 
these lines. 

(9.) Show how the method of determining envelopes may 
be applied to finding the evolute of a curve, and apply it to 
determine the evolute of the ellipse, whose equation, re- 

ferred to the centre, is - 3 -+^r=l. 

<r ¥ 

Equation to evolute (aa)$+(i/3)$=(a 2 — 4 s )!. 

(10.) Prove that the curve which touches all the straight 
lines determined by the equation y=ax+~> where a is 
variable, is the common parabola. 

(11.) A system of ellipses, with coincident but variable 
axes, is subject to the condition that a 2 +l 3 =m 2 , a and b 
being the major and minor axes; determine the curve which 
Bhall be the envelope of the system. 

(12.) If shot be discharged from a cannon with a con- 
stant velocity, but at various angles of elevation, they 
will describe the parabolas included under the equation 

IE 3 

y=aa—(l+a 2 )—i a being the variable parameter. Show 
that the curve which will touch all these parabolas is itself 
a parabola whose equation is y=c— 

(13.) Considering the envelope to be formed by the inter- 
sections of straight lines ; show that the problem " to deter- 
mine the equation to the envelope" is the inverse of the 
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problem " to determine the equation to a tangent to a 
curve." 

(14.) If p, be a perpendicular of constant length from the 
origin upon the straight lines defined by yzzax+p, (a 2 +l)^; 
show that the envelope of all these lines ia a circle whose 
radius is p,. 

(15.) If a surface be produced by the continued intersec- 
tion of planes represented by the equation — +~^+— =1, 
where abc=m a ; a, b, c being variable, and m 3 constant ; 
prove that the equation to the surface is %yz= ' 

(16.) A straight line, cutting from two straight lines 
which meet in any angle, two segments whose sum is a, is a 
tangent to a curve ; prove that that curve is a parabola, and 
trace it. 

(17.) If on one side of a horizontal straight line Alt an in- 
definite number of parabolas of equal area be described from 
a common point A, with their axes perpendicular to AS, 
the equation to this system of parabolas is cty=2a?a%a:~ x 2 , 
where a is variable ; prove that the curve which will touch 
them all is an equilateral hyperbola whose equation is 
2 6 

xy=-^c^, AR and a perpendicular to it from A being its 
asymptotic axes. 
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CHAPTER XVII. 

MISCELLANEOUS EXERCISES. 

(1.) Prove the ordinary rules for differentiation. 
(2.) Explain the difference "between explicit and implicit 
functions. 

(3.) Define and illustrate the terms " limit," "differen- 
tial," " differential coefficient." 

(4.) Explain the difference between algebraic and trans- 
cendental functions. 

(5.) Investigate the differentials of u=sinx, w=ntan0, 
u=a x , M=loga:. 

(6.) Prove Taylor's Theorem, and from it deduce Stirling's 
or Maclaurin's Theorem, and the Binomial Theorem of 
Newton. 

(7.) If y = e*sinaT; show, by means of the theorem of 

Leibnitz, that 4-^-=2 5 c*sin bc+n^\ ■ 
daf 1 \ 4/ 

(8.) In what manner may the value of a fraction be 
determined when its numerator and denominator vanish 
simultaneously % 

(9.) If u=f(x) ; show that w is a maximum or minimum 
when an odd number of differential coefficients becoming=0, 
the differential coefficient of the next succeeding order is 
negative or positive. 

(10.) Deduce the equation to a straight line, y—mx+b, 
and show that the equation to a perpendicular to it is 
1 . . 
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(11.) Show that the equation to a straight line, which 
intersects the axis of a at a distance a from the origin of 
co-ordinates, and the axis of y at a distance b from that 

origin, ib — -) — =1. 
b a 

(12.) Show that the equation to a tangent to a curve, re- 

(13.) If AT and AD be the intercepts of the tangent on 
the axes of a: and y respectively; prove that AT=y~- ~x, 

and AD — y — x^-i and determine the equation to the 
normal. 

(14.) Determine the differential expression for the sub- 
tangent, subnormal, tangent, normal, perpendicular on tan- 
gent, and the tangent of the angle which the tangent makes 
■with a line from the origin. 

(15.) If u=f{x, y); prove that du= (^j dx+ (^j dy, 

, . d*u d*u 
and that - — - — - — — - 
dydx dxdy 

(16.) If u=f{y, z), where y, z, and consequently u, are 
functions of x ; show that <iw= dy+ dz. 

(17.) Determine the conditions upon which a function of 
two independent variables is a maximum or mi nimu m 

(18.) Determine the differential expression for the area of 
a plane curve, and if s be the length, and ^jj|=i> ; prove 



♦ 
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(19.) If S be the surface and V the volume of a solid 
generated by the revolution of a curve round its axis ; show 

that^=7r/, and ^=2^(1+^)4. 

(20.) If r and r, he the radii of the greater and smaller 
ends of the frustrum of a right cone, and a the slant height ; 
prove that the area of the frustrum is ra(r-j-r,). 

(21.) If r be the radius vector, p the perpendicular on 
the tangent, and 0 the angle swept out by the revolution of r 

round the pole S ; show that -^=m 2 + f~j , 



tdu\* . 1 
1 , where u=r • 



dr rift—jtf 

(22.) If in polar curves p be the length of the perpendi- 
cular upon the tangent ; find the value of p in the circle, 
parabola, ellipse, and hyperbola. 

(23.) Define the rectilinear asymptote and the asymptotic 
circle. 

(24.) Define conjugate points, double points, cusps, and 
points of contrary flexure, and show that a curve is concave 

or convex to the axis according as y and have the same 

or difFerent signs. 

(25.) Prove that, in spirals, the curve is concave or convex 

towards the pole, according as ^ is positive or negative. 

(26.) If A be the area, and s the length of a plane curve; 

. dA , dA 1 . do a / '/rfr\* 

prove that ^=y, and -= g r» -= V^+U) 

, ds r 

and ~r-= 

dr ( r 2_ i „2j4 
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(27.) Prove that, in spirals, the subtangent =r 2 -^ 
= — — — r> and show how to draw the asymptote to a 
spiral. 

(28.) Explain what is meant by the osculating circle; 
and show that the evolutes of all algebraic curves are recti- 
ficable. 

(29.) Explain the theory of the different orders of contact 
of plane curves ; point out the exceptions to the rule that 
every curve is cut by its circle of curvature, and show how 
these exceptions apply to the ellipse. 

(30.) Explain the difference between Taylor's and Mac- 
laurin's Theorems, and point out the circumstances under 
which the former sometimes fails. 

(31.) Investigate Lagrange's* Theorem, and apply it to 
determine a general law for the inversion of series by means 
of the equation x=ay+ by^+cip+dy* +&c 

(32.) Apply Lagrange's Theorem to the determination 
of the four first terms of the development of y m , when 
y=a+xy n ; and find the general term in the expansion of 

x m in a series of powers of cosfJ, when x+— =2 cosff. 
(33.) If - -y) •y4p' * beins the mde " 

* If y=s + x$ (y), and if "=/(#), /and £ being any junctions what- 
ever, then 

»-/»+ [*«/'«]f+^[{#«} , /'«]j^- 

p 2 
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pendent variable ; show that, when x becomes cosfl, and 0 is 
made the independent variable, "=('^+3') cosec**- 

(34.) Explain exactly the mode in which the following 
curves are generated, construct them, and thence derive 
their equations : namely, the circle, parabola, ellipse, hyper- 
bola, cissoid of Diocles, conchoid of Nicomedes (superior and 
inferior), cycloid, epicycloid, lemniscata of Bernouilli, quadra- 
trix of Dinostratus, involnte of the circle, catenary, traetory, 
elastic curve, witch of Agnesi, curve of sines, cardioid, tri- 
seetrix, logarithmic or equiangular spiral, spiral of itrchi- 
niedes, hyperbolic or reciprocal spiral, lituus, parabolic 
spiral 

(35.) Show what kind of curves are included under the 
equations jp-=mx-\-nx l , r~a sinnfl, r=acosd+b t r=a6", 
}-=asmnd + b8mn l Q+c<iUin,,d+&Q. respectively. 
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ARCHITECTURE, Principles of the Science, by J. PEAKE, 

N.A„ 3 vols, in 1. 

In ,1: rnv I-.,,,., with Wiiuiif'irs. rt.iili. iirEc- H. ' 

EUDIMENTARY AND ELEMENTARY. — S3 \ 
—PRACTICAL CONSTRUCTION concisely Italed of Ships 
for Otesn or Elver Service, by Captain H. A. SOMMERFELDT, 

N.R.N. 

Inroyiil lio with Eti<,t.iv-pi1 fiati-s, tWh. i-iice 7s. Sd, 

p UDIMENTARY. — flU** — ATLAS of 15 VIntcs 

■« 10 ditto, or»*ll and engraved lo a Scale for Practice.— For the 
convenience of lho Operative Ship Builder the A tins nn.y lui hmi 
in three separate Parte. Part I, 2s 6d. Fart II. 3s. 6d. Part 
III., 2a. ed. • 

" Indi-riiv I'J.ii'.i, with \Vii>)i:< MtM.'clmtioii'ici' K."6 T," 

-RUDIMENTARY. — 54. — MASTING, MAST- 

11^ MAKING, AMI RIGGING OF SHIPS, by R. KIPPING, 
In demv linn, with Wnramrs, clf>th, price Is.M. 

RUDIMENTARY.— 54*.— IRON SHIP BUILD- 

J-V ING, liv .Ii 11 IK GRANTHAM. M.A. and C.B. 
In demv 12 with Woodcuts, cloth, pricf 'i*. 

RUDIMENTARY. — 55, 56.— NAVIGATION ; 
THE SAILOR'S SKA- BO OK. —How to Keep the Log ami 
Work It Off-La'itM.ie and Longitude— Great Circle Snillnn— Law 
ofStormsaBdvarinbh' Winds; and an Explanation of Turma used, 
with coloured IlluitMithms oi Flags, 

John Weals, 69, High Hulborn, London, W.C. 



jyjR. "W BALE'S EUDIMENTAliY SERIES. 



RUD IMENT AR Y.—-59 . — ST E AM BOILERS, by 



In demy ISm-.. niili IVniuln]'.-.. rfuth, price la. 

RUDIMENTARY AND ELEMENTARY.- 

—PRINCIPLED OK RAILWAYS, for the tine of the 



RUDIMENTARY— 62*.— RAILWAY WORK- 
ING IN GREAT (BRITAIN, Statistical Details, Table of 
Capital and IJivi,1, iiemm.. ,\ r ..ni„n, m-TnK&e.. Vol.11. 

in (icmTirr. i r '7 ~w rr^ i ^ u i ^.~Tu : i jT 1 • - ^ 

RUDIMENTARY— 63, 64, 65.— AGRICULTU- 

HAL liUILDISC.S, the Conslrnction of, on Motive Powers, 
and tlm Machinery (f rlin Srnidiii;;; and on Agricultural Field 
Ermines, Micliiin". nnri Innili'illfinn, by G. ]1. ANDREWS, 3 
in 1. --r-.hu w.-n'. , f.i). II it'll Holbom, I.oniion. W.C. 

p UDTMEN1ARY— (!(,' -CI AY ' L A N DS A N I) 

" LOAMY SOILS, by Professor JOHN DONALDSON, A.E. 

T) UDIMElvrARY— '67,' 68! — 'cLOUK AND 

11 V/A'.'UII-.H.'.RIM:, AMI UN ClILi: II CLUCKS AND 



i, liv C. C. 31 'KNi-Kr:. «u- 



In demy 12mo. cloth, prlcalfl. 

RUDIMENTARY. — 71. — PIANOFORTE, In- 
struct!. .n For l'laying the, by V. V. MI'EN (J EI!, Mm. Dr. 
In Ucbj- I-imo, with Stool Ecsjr-nviiigs and Woodcuts, cloth, price 

T> UD1MENTARY. — 72, 73, 74, 75,75*. — RECENT 

FOSSIL SHELLS ( A Mninial of the. Mollusc*), by SAMUEL 
)'. WUDDWAkl). of Hie B it. Mna. 4 vols, in I, with SupplGiutii:. 
In demy I2iti<>., -.villi W™!. "t-, cli.tli. y.ri^ -i-'. 

RUDIMENTARY. — 76, 77. — DESCRIPTIVE 
GEOMETRY, by J. F. HEATHER, M.A. 2 toIb. in 1. 



In drvmy lin o, 2 vi 



J{E. WEALE'S EUDIMENTABT SE11IES. 

In ilomv i->nif, W."-,rl ms. i-l iih, nr-'ro Is. 6d. 

DTjiJIJIKNTAlIV.- 7.S-. — LOCOMUTIVK i'A*- 

_GlNE,1iv 0.1). UEMP3EY. C.R. 

In rotnl 4to, ei'uh. price 4s. 63. 

IJI'DIMKNTAKY. — 7:t*. — ATLAS OF FX- 

GRAVED PLATES to SJi:.Mr.~KY : a I,:>l<i .■■! 'JT I V [■: 
ENGINES. 

In demy I2mn p wllh Weaken til. cloth, r 

~D UDIMKNTARY. — 7!!"*. — OX I 

PHY, Ilia Cnmpnailinn and Properties of tl 



Ri-dimuxta \i\ r . — - 
(;i.vr..i ax;j on i in : 

2 vols, in 1. 



,<■•-,.;■ lli.lio, r-,,i:,, jn-LC: l!-. 

"RUDIMENTARY. — SO*, 8] *.— EMBANKING 

JA LAN 



CiK'di-Hls. rlMli, 25. 

32, 82". — POWEE 

i TO UUITB FLO OB MILLS, 



!n il.-i^v 1^::mi, cii'!h. l.i it:-' U. 

KUBIMENTABT.-83.— BOOK-KEEPING, by 
,1 All [■:■> HADIiOV, U.A. 

In domy 13m*. with Woodcut), price 3a. 

RUDIMENTARY. — S2**, 83*, 83 (6m) COAL 
I.A.- i-n i!,:j .Uiinil'juiu;^ i.ii! 1 ) ; rib.; : i «r, l-y_aA.M L'Kl. 



Indtn.y linrn. «-j!h V," Uuh. pitith, pvife 

RUDIMENTARY.— 82"*".— WATER W 
FOR THE sL PPi.Y OF CM IKS AMi T ij WI4S ;_ Work* 

D minaRB Ares 
HUGHES, C.E. 



In Jhiit ISm>, with W.mu.-un, tl.-tb, urire In. lid. 

'■ TARY. — 83'*.— CONSTRUCTION 

OF DOOK LOCKS. 



RUDIMENTARY. — 83 (4 is) — FORMS OF 

Rudimentary!— ^'s^— arithmetic, with 
numtimua Examples, by ITnf. J. it. YOUNG, 
in d.niiv K'tno. cloth, pricn 1*. 6d. 

RUDIMENTARY. —84*.— KEY to the above, 

-*A by ITnf. J. I I. YOUNG. 

Tii M -nv liiiio. (:'/>:!>, l ■ : i < ■ ■. ■ !■<. 

RUDIMENTARY. — 85. — EQUATIONAL 
ARITHMETIC, Q.iusllons o£ lulerast, Annuities, *c, by 
W.IIIl'SLLY. 

Jolin Wale, 69, High Holborn, London, 7W.C. 



"R. W BALE'S RUDIMENTARY S 



In domy 12nio, cloth, price IB. 

"RUDIMENTARY.— 85*.— SUPPLEMENTARY 
-TV voi.ujii; to mi'sr.KVS i:quational aritiime- 

TIC, Table* lor tit ; ( ' ilmlnii™ t-i sit:i]i,i' hf.,-:v-;i. v i:h [,.;rsvii!:r!s 
for Compound Intm'tt snd Aniuiti:.. Aic . *c, by \V. 1HPSLEY. 

In demy limn, cloth, price 2s. 

■RUDIMENTARY. — 86, 87. — ALGEBRA, by 

* XV JAMES IIAUDON, M.A. 2 vols, in 1. 

In demy ISmo, in 

EUDIMENTARY.— 86 
ALGEBRA, K-y ti I 



oodcniB, clot It, price Si 



in demy 12tim, v.-itli Woodi: iK i-]:>Hi, prloe 1b. 

Rudim ent a n y. — o;::. — m en a u ration, iiv 
T. BAKElt.C.E. 
In demy 12mo, cloth, price Bfl. fld. 

■RUDIMENTARY. — 9-1, 95.— LOGARITHMS, 

J-V Tgbies f„ r fullltetllie Astronomical, Nautical, Trigonometri- 
cal, nnrt Logarithmic CileuUtions, hr 11. LAW. C.E. Neir Edition, 
with TaWus of Natural Sines and Tangent*, and Natural Cosines. 
2 vols. In 1. 

In demy 12mi, with Woodcuts, clith, pries la. 

RUDIMENTARY.— 96. — POPULAR ASTRO- 
NOMY. By the Rev. ROBERT MAIN, M.R.A.8. 

Rudimentary"— statics'aStd DY- 
NAMIC S, by T. llA KElt. C.E. 

lit tfi-t-v I'm \ inili SJ i W !t;:ii ., fl..t:,, nficii is.!!,!. 

■RUDIMENTARY. — m, 08". — MECHANISM 

J-V AND PRAt lk' M. Ci>N< i Kl i; l l'.!S" Of MACHINES, 
-by T. BAKKH. CM., ana ON TOU1.3 AND MACHINES, by 
JAME3 NA3MYTH, C.E. 



lit di in-? limo, flutii, priei' li. 

RUDIMENTARY. — 101. — DIFFERENTIAL 
CALCULUS, l.y Mr. WOOLilOUSE, F.Il.A.S. 
John Weale, &ft, High Hoiborn, London, W.C. 



Digitized 0/ Google 



~^B. WEALE'S rudimentary series. 



Raton nfEjclunyn. In' Mr. WOi iLi I r i [;sk. 1M1 A.S. - 

Rudimentary — 'iosT— integral cal- . 
CULI'S.hy II. COX, M.A. 

Rudimentary.— 'io3. —Integral cal- 
__i;i:;.us.j':i!iiii;>ir. so f. i,v rrof. .1 a m ;ii.\s. 

RUDIMENTARY 7 -^104 — "DIFFERENTIAL 
CALCULUS. HxJiinpVs f(, by J. HAIIDDN, M A. 
In ihimv 1 21110. wiili Woodcuts, o!otli, ptWln.GiL ' 

RUDIMENTARY. — 105. — ALGEBRA, GEO- 
METRY, AND TRIGONOMETRY, Mnemonic*! Lessons, 
bytheRt-v. T. PENYNGTON K1HKMAK, M.A. 

In demy lamo with Woodcuts, cloth, prloa li.ei. ' 

RUDIMENTARY. — IOC. — SHIPS' ANCHORS 
FOE ALL SKllVI(.IF,S.!iy Mr. GrOIiliS: CO'l'r. V.I.L. S" . A . 



Act dated August SS:li, 15SJ, (or littler supplying of a as 



In domy 12mo, cloth, price Is. 

RUDIMENTARY. — 108. - METROPOLITAN 

LOCAL MANAGEMENT ACTS. All the Aoia. 



LOCAL MANAGEMENT A LlV. Al l Hie A 

In dp.my 12tno, cloth, price ]K.fld. 

UDIMENTARY, - 109. - LIMITED LIA- 
BILITY AND PARTNERSHIP ACTS. 



In demy 12mo, clotb, price la. 

B UDIMENTARY.— 110.— SIX RECENT LE- 
CIM.ATIVI; ENACTMENTS, u-v Co;.'. nMui- fitanOi il u ta , 
and Tradesmen. ■ 
In demy 12mo, cloth, price Is. 

TJ UDIMENTARY — 111. — NUISANCES RE- 

-I-*- MOVAL A ND DISEASE l'REVV.NTI( )N ACT. 

In demy 12roo, cloth, price Is. (id. 

■pUMMENTABY.— 112.— DOMESTIC MEDI- 

J * 'HE PH-1 K '1 | .1. 1 li ■! 



12ma, clnili, pries Is. fid. 

UDIMENTARY— 113. — USE OF FIELD 

ARTILLERY ON SEilVICE, by Lteut.-Col. HAMILTON 



MAX1V ELL. 1! 



In tli-'iiv I'.'m,;. ivi tii V,"'Mi:fjH, v': t!'. tuit'i' U ««. 

T> UDIMENTARY. — 114. — ON MACHINERY: 

End I ill" n In ry nnd Element, :)■<' I'l-inni :ilo-s nf Hi" C.:ii.HirLL:':ion 
and on the W.,rk,n : - of .IL.i-niin ry.'t.y C. l>. AHEL, U.I-;. 



■j^lt. WE ALE'S EUDIMENTABY SERIES, 
n riii" :V.\ : — nt' — 'riii'luhv as 

<*< ACOUSTIC? : The D:., : ,il.u'k.)i vt Sound, by T. BOUEK 
SMITH, A!vlii:,-.-(. 



UDIMENTARY.- 



r u . d „: 



RUDIMENTARY.— 118. 119.— 02 
ENGINEERING OP KOi: I'll AJIE1UC. 
80N,C.E. Svuls. Int. 

■rudimentary"— im.— on Hydraulic 



Inde.nv limn, in PAi:i, [■'HI.- 1, in Huih, prim la. 

T> UDIMENTARY. — 1 2:!.— OX RIVERS THAT 

CARRY SAND AND MI D, and mi ESSAY ON MA VI- 
GAELIC CANALS. 121 snd liii hcmiul tf^lhtr, 9s. 84. 

In =..ni, 1 « M'. ',V -n-s.rl ]■:-;.-■■- ] -. OlT 

■RUDIMENTARY. — 123. — ON CARPENTRY 

-l*- AND JolNIMiY, r.-unilcJ Dr. IMj'srn's Wort. 



In demv ] w'.th «'<■: il'iul-', cln-li. j.vica Is. Of]. 

"R UDIMENTARY. — 124. — ON ROOFS FOR 

It- PUBLIC AND PRIVATE l:UI Ll>l NG S, founded on Dr. 
Robtara'H Wort. 



RUDIMENTARY.— 124*.'— RECENTLY CON- 
STRUCTED I HON ROOFS. Atlna of plates. 

Initav liiri -. wirli '.'»'.,. ,I./mK i ] irli. nrico 3s. 

-RUDIMENTARY.- 12.V— ON THE COMBUS- 
l*. t;on of c-Ai. am) i :ii: i'hi:vi:n i'i t; or rjiHKi:, 

Chemically nuil rriniit-nlly Oisisidi-rod, by CHARLES WYF. 
WILLIAMS. 



T> UDIMENTARY.- 

-IV lo WILLIAMS'S COM 



' STUUCTIOXS IN TOE 
MODELLING. 

John W»!f, ID, Iliffh : 



jy|K WEALE'S RUDIMENTARY SERIES, 



it. tl,;my l ?i:in, wiiii Kngr.iTini;s and. W<* druts. 

RUDIMENTARY.— — THE TEN BOOKS 

J-V OF M. VIT11UVIUS ON CIVIL, MILITARY, AND 
NAVAL ARCHITECTURE, Uw.h.-.vd by ,.UJal-Ll-Jl Li WILT, 
Arch. 2 vols, in 1. 



! 1 1 VTIVE 

II PLATI-S Til VlTItU VELA'S TEN HOURS, bv tin; Author 
and JOSEPH G ANDY, B.A. 



In dsmy 12mo. cloth, prloo Is. 

RUDIMENTARY. — 130. — INQUIRY INTO 
Tin-: principles or r,EAi:vv in ckeuan Attcm- 

TECTUKE, by the Right Hon. the Earl of AUERDEEN, Ac Ac. 



In demy 12mo, cloth, price la. 

RUDIMENTARY. — 131. — THE MILLER'S, 
MERCHANT'S, AND FARMER'S iiEADY KECKONEH,. 
for ascertaining at Sight tlio Value of any quantity of Cora ; toge- 
ther willi ill- iiniimximiite vai i' M i!l-!i.:i,:s Hint Millwcn'li, 

In dsmy 12ni". with Wh.hIi-.uik. .-[n'h. price 2s. fid. . 

ft U D 1 MEN TA 1 1 Y.— 13 i. — T I ! iiATlftJK ON THE' 
J-Y erection or owellini: nousr.s, with si'eci- 
i'ic;atkjns,quan vj-ni:h or'i'iir. VAitiuUs .MATLUiAi.^, 

Ar., l.y II. HUIK.IK!-, Aicbiit'i-l. 2! Plates. 



RUDIMENTARY SERIES. — ON MINES, 
SMELTING WORKS, AND THE MAN (JFACTUKE OF 
METALS, as follows. 



In demy 12m... -.villi Won.lc its, cloth, price 2*. 

-RUDIMENTARY — VoL 1. — TREATISE ON 

i-\ THE METALLURGY OE COPPER, by R. H. LAMBORN. 



In demy 12mo, to have Woodcuts, cloth. 

■RUDIMENTARY. — Vol. 2. — TREATISE ON" 

J-t THE METALLURGY OF SILVER AND LEAD. 



In demy limo, to have Woodcuts, cloih. 

RUDIMENTARY A*ND ELEMENTARY — 
Yol.3. — TREATISE ON IRON .METALLURGY up to the 
Manufacture of the latest processes. 

In demy limn, t-i hnvn W 1 cuts, cloth. 

RUDIMENTARY AND ELEMENTARY.— 

-CV Vol. 4.— TREATISE ON GOLD MINING AND ASSAY- 
ING PLATINUM, IRIDIUM, &c. 

ft UDIMENTA liY™' AND ^ ELEMENTARY. — 

" Vol. 5. — TREATISE ON THE MINING OF ZINC, TIN, 
NICKEL, COBALT, 4c. 

In (i.-i:iv 1-Jm.j. lu have W.iurli-ms, cl-'th. 

RUDIMENTAllY AND ELEMENTARY.— 

V-.l. TUEA n?K ON COAL MINING (Geology an* 
Means of Discoverinc, Ac.) 

In dpmv 12mn,wlth WoMcutu, cloth, orleo ls.6d. 

ftUDIMENTARY. — Vol. 7. — ELECTRO-ME- 

J-V TA1.LURGY.— Practically treaWd by ALEXANDER. 
WATT, F.H.S.A. 

Jolin Wools, S3, High liulborn, London, W.C. 



Oigiiizod by Google 
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(JEW SEMES OF EDUCATIONAL WORKS. 



In Jmv limn, >vi:l, \V,-,„ln'li. rl.H ^. v.ri'V. '>=. Ill . 

OUTLINES OF THE HISTORY OF GREECE. 

J —5, G.-By W. D. HAMILTON, 2 voU. 



In demy 12it»>, wuli M [t-,]y nui w ir-.ir-;. clntli. pries 2«. 6d 

OUTLINE OF THE HISTORY OF ROME.— 
7, 8.-By W. D. HAMILTON, 2 



In tamj lUnjo, elnth, price la. 

GRAMMAR OF THE ENGLISH LANGUAGE. 

* — ll.-ByHYDE CLARKE, D.C.L. 



T\ ICTI 0 N A RY OF THE ENGLISH LAN- 

Jj GUAG E. — 13, 13.- " 



:e-Ss. Gd. 

"~-~TSE 

.-.!i-Li3!i Tmi 



. 'B 100,000 words, or 50,000 m 
<, by N Yl)i; CI.AISKE, D.C.I,., S vol 



pRAMMAR OF THE GREEK LANGUAGE. 

VI — 11— By H.C. HAMILTON. 

In damy 12mo, clolh, prtoe 2s. 

DICTIONARY OF THE GREEK AND ENG- 
LISH LANGUAGES. — 15, 18.— By H. It. HAMILTON, 2 



demy 12mn, clntb, price 

" ™ EI 

■By H. B. HAMILTON, 2 



jyiCTIONARY OF THE ENGLISH AND 



HBAMMAB Oh" THE LATIN LANG 

VI — IB. — By the Rev. T. GOODWIN, A.B. 



In d.'my 12mn, rlr,t!\. pritv '.'5. 

T»ICTIONARY OF THE LATIN AND ENG- 

■Lf lish LANG IMG E3.— 20, 21.— By the He*. T. UO0DWIN, 
B.A. Vol .1. ' 

In ilni;v l-2ma, <k'1>. |ii'icf it. ill. 

T\ ICTI ON ARY OF THE ENGLISH AND 

U LATIN LANGUAGES. — 22, 23.— By Ilia Eov. T. GOOD- 
WIN, A.U. VoLII. 



Jolm Wealc, 53, High JMborn, London. W.C. 
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jyjB. WE ALE'S EDUCATIONAL SERIES- 

In demy 12mo, cloth, price Is. 

DICTIONARY OF THE FRENCH AND 
ENGLISH LANGUAGES. -25.— By A. ELWES. Vol.1. 



In neiny 12mo, 



GRAMMAR OF THE ITALIAN LANGUAGE 

X * -27.- By A. EL WEB. 

In demy 12m", cloth, price 2b. 

TVICTIONARY OF 'THE ITALIAN, ENG- 

- L ' LI8H. AND FRENCH ], A ?nGU AGES.-28, 29.— By A. 
ELI ■ 

D 



vol. n, 



In demy 12mo, cloth, price 2a. 

ICTIONALiV 01' THE KNGLISH, ITALIAN, 

AND FRENCH LANGUAQE9.-B0, Sl.-By A. ELWES. 



In demy 12mo, cloth, ptioa 2s. 

DICTIONARY" OF THE FRENCH, ITALIAN, 
AND ENGLISH LANG UAH KS.-jJ, :i3.-Iiy A. ELWES. 

Vol. III. 

In demy I2nin, cloth, priW Is. 

GRAMMAR OF THE SPANISH LANGUAGE. 
—84.— By A. ELWES. 



In demy 12mo. cloth, prlco 4a 



In demy I2mn. cloth, price la. 

Q.RAMMAR OF THE GERMAN LANGUAGE. 



In demy t2mo, cloth, price 3s. 

■niCTIONARIES OF THE ENGLISH, GER- 
1 .it.', .imi i--;:L:scii lam; u agks.— n, i.>.- By s. 
E. HAMILTON, 3 vols., separately, Is. each. 



T\ICTIONARY 

> ' IMII.I.;-! LISfi 



ENULiaU LANGUAGE. H '■■'>. -O.rit.iiiiincc the Biblical 
an! Rabbinical wort! *, 2 vols, (together with the Grammar, whlcli 
maybe bad separately for la.], by Dr. BRE53LAU, Hebrew Pro- 



in aemy nmu, cumi, pnee us. 

"DICTIONARY OF THE ENGLISH AND 

-L' HEBREW LANGUAGES. — 4+t. — Vol. III. to complete. 



In demy 12mn, cloth, price Is. 

FRENCH AND ENGLISH PHRASE BOOK. 

John Weala, 59, High Holbom, London, W.C, 



M 



E. WEALE'S CLASS 



(cicept in some Instances, and those are Is 'fid. or 2s! > eucb) 1 Very 
nti:iU>- printed ..ii r:u(ij puller. Tiiose priced are published. 

GREEK AND LATIN CLASSICS. — A Series of 
Volumes eornuniu,; the |riix: ; .:il Gr--k and Latin Authors, 
Accompanied by i.l-.i.h Si-.trj in Ki.-liih, principally selected 

from the best and m-. ;: ivcani i.c::hju i.:<iMi:i.ii.t;.icr::, a.i.d con- - 
prising all IhoBO Works Hint are assemial fur iSie Scli"l H r mid ilm 
Pupil, and applicaMn i". ■ r ilm Universities of Oxford, Cambrl'lgn, 
Edinburgh, Glasgow, Aberdeen, and Dublin— the Coliegei at llelfust, 
Cork, dulway, Winchester, and Eton, and the great Sch.-ols at 
Harrow, Rugby, &a— also for Private Tuition and InBirucikn, ami 
for the Library, as follows : 



LATIN SERIES. 
, board H, pr 



A NEW LATIN T>15U<X.:TUS.— 1. — Extract,, 

-fX f Iom Classical Anthora, with 1 



p TSAR'S COMMENTARIES ON THE GAL- 
v Lie WAi— i— With Gr 



n Kn«:uti 



B and Explanati 
in J Explanatory Noh 



QORNEL1TJS NEPOS.'— 3.— With English Notes, 

In demy liiuo, boards, price lb. 

y IRGIL. — 4. — The Georgics, Rucolics, with English 

1 1. demy 12mo, boards, price" 2s . 

yiRGIL'S jENEID.— 5.— (On the same plan as 
TTORACE.—6.— Odes' and Eposes'-' with English 

-CI Notes, and Analjslsand Explanation of the Metres. 
^ deniy' I'Jiiiti, bmirri^ price I-. iSJ~ 

HORACE.— 7.— Satires ami Epistles, with English 
Motes, ic 
In demy 12mo, boards, price Is. fid. 

SALLTJST. — 8. — Conspiracy of Catiline, Jugur- 
thlne War, with English Notes . 

In demy 12mo, boards, price Is. Gd. 

TERENCE. — 9. — Andrea and 1-luiiutontimorunie- 
nos, with English Notes. 

f^ERENCE.— K 

In demy 12mo. 

CICERO. — 11. — Orations against Catiline, for 
Sullajor Archias, and for the Mnmli.ui 

In demy 12tuo. 

flCERO.— 12.— First and Second Philippics ; Ora- 

tiimfor Mil«, r..r M;sr.-<'lli>s, Ac. 
^"ohnWeair,^, Hi^li ll L .ii,.i;ii J.jndon, W.C. 



JJE. WE ALE'S CLASSICAL SERIES. 

In domy 12uio, 

QICERO.— 13.— De Officiis. 

!n iicv.iv 12rn.j. Ii'mhK pi iff 2f. 

pICERO.— 14.— De Amicitia, do Senectute, and 

Brutus, with English Notes. 



la demy 12mo, boards, price 3s. 

T IVY. — 1G. — Books i. to v. in two vols., with 

En E Hsh Nntea. 

lud^Tiamo, boards, price lis. 

J IVY. — 17. — Books xxi. and xxii., with English 

J n demy 12uio. " 

^ACITUS.— 18.— Agrioolaj Gerrnaiiia; and Au- 

SELECT[ONs''fROM' TIBULLUS, OVID, and 
f BO PERT! U 3.— 19.— With l]ni,-liih Nm. s, 

SELECTIONS EROM^SUETOftlUS and the 

v ' Islar Utlu Writer*.- 20. 



INTRODUCTORY GREEK' READER.- 

J- On the name plan as the Latin Header. 



In demv 12mn, boardi, prire la. 

V ENOP1ION. — 3. — Anabasis, iv. v. vi. vii, with 

A English Sot es. 

In demy ljaio, beard*, price. In. 

J TTCIAN. — 4. — Select Dialogues, with English 
]J OM ER, — S.— EiaXi.^ovi.rwith Ei.gli ah Notes. 
JJOMI 



In lU.iny IJuiu. I) -aids, [uifif I.h. ik!. 

JJOMER. — B. — Iliad, xix. to sxiv., 

John lVeale, G9, Iligli Mplborn, London 



J^JR, WEALE'S CLASSICAL SEBIES. 
JJOMEE.— 9.— Odyase^^tovi^ithEnglishNotea. 

In ilymy rjuio, li .:'.i'.k. iirice la. OJ. 

J^OMER.— 10.— Odyssey, vsi. to xii., with English 
JJOMEE.— U.—' Odya'aey.xi'iKtoVviii.with English 

HOMER, — Vs." 1 — Odyesev)' nx/to'iiir, ; and 
U:r.:i:s, wi tl, Ki. ^Iisli N.il^ 

In demy 12mo, boards, price 2s. 

pLATO. — 13. — Agology, Crito, and Phado, with 

In demy 12mo, boards, price Is. Cd. 

HERODOTUS.— 14.— i. ii., wkh En- A ]Uh XoUs,— 



H K !!.(')! )OT US.— iri.—iii.h-., wiili Endish Notes, 



HERODOTUS. — 16. — v. vi. and part of vii. 



In demy ISnu 

-17. — Remai 
1 1 cited t" Ilia Grace the Duko of D 



In dtmy 12 mo, btinrda, price Is. 

gOPHOCLES. — 18.— (Edipua Rex, with English 

In demy J2mo. 

gOPHOCLES.— 19.— OSdipus Colonteus. 



In demy 12mo. 

gOPHOCLES.— 2l.~Ajax. 



In demy )2mo. 

gOPHOCLES.— 22.— Philoctetes. 

In demy 12mo, boards, price Is. 6d. 

j^UBIPIDES.— 23.— Hecuba, with English Notes. 



J^URIPIDES.— 24. 



) demy- 12 mo. 

-Medea. 



In demy 12mn. 

J^URIPIDES.— 25.— Hippolytus. 

J, lm Wealn, 59, High Holborn, London, W.C. 



JjR. WEALE'S CLASSICAL SEMES. 

In iflmy 12un. liranln, pvlcii Is. 

J^URIPIDES.— 20.— Akestis, with English, Notes. 

In demy 12mo. 

J^URIPIDES.— 27.— Orestes. 

I u demy lSmo. 

jgUKIPIDES.— 28.— Extracis from the remaining 

. __ ~~ 
gOPHOCLES.— 29.— Extracts from the I 

In demy 12mo. 

JgSCHYLUS.— 30.— Prometheus Vinctua. 

In dam j 12tno. 

SCHYLUS. — 31 . — Pe rsre. 
3? SCHYLTJS.— 32 1 — Septem contra Tliobas. 



^SCHYLUS.— 33— Choephorie. 



iE 1 



SCHYLUS.— 34.— Enmenides. 



In demy 12mo. 
SCHYLUS. — 35. — A gamemnon. 

SCII YLU S.— 36.- Supplices. 

In demy ISmo. 

pLUTARCH.— 37.— Select Lives. 

In damy 19mo. 

^ RISTOPHANES. — 38. — Cloads. 



RISTOPHANES.- 



^RISTOPHANES.- 
^HUCYDIDES?— A 



"JHUCYDIDES.— 42.— II. 

Jntin Wmlp, 59, Hlirli Ilolboro, T.ono'-n, W.C, 
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J^R. WEALE'S CLASSICAL SERIES. 

In demy li.no. 

"JHEOCRITUS.— 43.— Select Idyls. 

In demy Uuo, 

pINDAE.— 44. 
gOCRATES.— 45. In damj ' 1Jnl0 ' 
JJE3IOD.— 46. iU dBmJ iai "°' 



MR WEALE'S PUBLICATIONS OE WORKS 
uN Ain:nnT,fiTniK, KSi,isi:i:isi\f:, am.) tin: 

FINE ARTS. 



Fine Platen Mm Vignettos, Atlm folio, price £3 10a, 

(( VORWEGIAN GOVERNMENT WORK." 

. — THE CATHEDRAL OP THKONDHEIM, IN 
NORWAY. Te*t by PraCguu MUNCH; drwringa by H. E. 

aUHl liMHR, Architect. 

Large Alius folio, 4 livrataoiin, puhllshed In Madrid, »t 100 reals 

<iaeh, or £1 in England. Illustrated by beamtfully executed 

Kng.nvinga. wm« tfwbloh are coloured. 

< ( OPANISH GOVERNMENT WORK."— 

-J MONUMENTS ARt :H (TECTO N1QOE8 1)B L'ES- 
PACNE, FL'lil.IKi AL'X r'KA'S UK I. A N ATIO N.— Part I 
I'fiivincill dc T Isijr 1. rti:iilil... A!u:lI:L lit Hillltva. -i'.Miv J. I>ic- 
dral Toledo, Da-aillcs.— Paht 3. ( , : .m.i.l.i, Si-a.ivLiL, T-ktlo, S»1k- 



llolnmhier folio pUtaa, with tost also uniform, with, gold Border*, 
ami Mi'[ii)iLi.m--li' liiiumi in rflil ninratu, ijiU £li lii., 

C .Siirnl.ifT f'lin platfs, with tell also iiiiif.rjii. n-ilii un| ( L Ivnltv-. 
and elegantly hnir-bound. in morocco, gill, £10 10s.; Plates in 
Ciihimiii.-u PJin, nnrl lest In imperial 4ii>, liiif-l>oiimi in morocco, 
a 7-.; I'l:'/.-. i;i Columbia! bllo, ninl ("(! in imperial 4 to, 
in cloth extra, bemrda and lettered, £1 14a. 6d. 

THE VICTORIA BRIDGE, AT MONTREAL, 

A IN CANADA. — Elaboratly illuBirated by view a, plans. 
f[,:v..,i.iiiH, iii;-! d.-t-.Lls ■■ : !l:i> tli-i.!—; l..-wlLer-i;ti th" 1 1 lusin.linin 

pn! S need In' tho^flnwl aTyl "of V rt ,™ S forial "y and gnu etricai ly 
drawn, and the views highly coloured, and a dPKcrlntive. text, 

l^rlical.-il if, llii It.-val Ili-hiiPHS Mil' nillf-i' !■! Will's 11.' ,1 AMI'S 
UtiDGKS, r'.neitiee'r lo t'i« CtinlPHfiori, llnuir-cil-rt : KUHKUT 
STEl'UCS^IN" nn.I Al.rX. If. UllSS. C'>ntr»c'orsj Sir 8. 
MOKT.iN !>i:Tn. li,.-i, .M.!'., Tliu.n vS lliiAK-cv, ami KD- 
WAKD LADll Hl'.lTS, Ksijm- 

Jl'Iiii Wi-nli-, fill. l['g:i 11 ■■■!!!■■■! n. I.nndi-n, AV.C. 



17 



In one. imperial tii.io v-diumi, willi 0 ; i . i : -ires ill .1 it i :, Hi >,! ] 'I :ii-s frum 
coally Drawings made by the ill,:.: .Tiiincnt artists, Ijalf-bouud 
very nest, pries £5 5s. On!*- ir,r: c.-; Lfi printed for sale. 

UKOFESSOIt COCKEHELL'3 WORK.— 

-T THE TEMPLES OF JI.'FITEIt PAMHEf.LENIUr) AT 
jEGIN A, AND OF APOLLO EPiCURIUa AT BAS8/E, NEAR 
1'lliOAI.KIA, IS ABCACiA. 

Itisproposed to publish fhe Life and Works of the late 

TSAMBARD KINGDON BRUNEL, F.R.S., 

J- Civil Engineer. — Th- genii!-, talent, and great enterprise 
of the late Mr. Brunei Ins a world-wide- fume, his whole lif.i was 
dcv^n-d ulime In til': nd-ure ef his rindi'ssi'in, tin; in imitation or 
copying others, hut in Invention. In finding out new roads to the 
onward advancement r,f his Art, tho li.V.i:^ up from tlie slow and 
heating path of Engineering Arl, new Idem; .md re:ili'ii-s, a-.-.d which 
has or have given to England a name foe reference aul of renowned 
intelligence in this AH. 

.luslpaliU-l.el. in 41". with NX! ro^avlnge. prlr ■. ho T. Ili 

THE PRACTICAL HOUSE CA H I'KNTKK. — 
Mora particular;? for onn:ry practice, fcuh stccitiaih ns, 
q i»nii:i£'. a> d C" . .: ;iui- -1. 1) - gn< f;r Oo- 
i.rrlimil tlmli.i. Nirl-.eo. A.-.. :■. l u r I:, ..!„ nnd Si '.renvoi. 

8. Tl.o Fivfl orders 'aid i.p-n to a »ciV; 4. M i-to M-'l.d oi 
I : n. i.ir : r\.". i ■ ;■ "Cii . S I.. -I^ua ^r Modem 

ru, .p ! ...:.[- * i> ; r» .,; detail, i: li.s ..«■• M .!■ rn 1> ■ rs »Mt) 
their d.tiils; 7 Dwnlgn* fjr Modern Wipdona, wi;h their de'ii-s, 
nnd for Villa A rctltecluro. The whole acp'.y dwrrj^ed. for the 
tue of the Operalive Carpenter end Builder. Firstly writlcn and 
published by WIIITAM PU 1 M darn Designs, 

and Improvements, by S. H. BROOKS, Architect. 

In 1861 will be published a volume in 12mo, entitled 

A DIGEST OF PRICES of Worts in Civil Engi- 

neering and Railway Engineering, Jlechan'nal Engineering, 
Tools, Wrought and Caat Iron Works, Stone, Timber and Wire 
Wurkf, and evirv kind of itiC-nninlir-ii Unit run he obtained and 
made useful in Eatlmaliog, Specifying, an : Raporllng. 

AIRY, ASTRONOMER 2 ROYAL, F.R.S., &&— 

EeBnlta of Eiporitnents on the Disturbance of the Corapnss 
it. 8a.. in case, 8s. Bd. 

:CIENT DOORWAYS AND WINDOWS 

(Examples of). Arranged to illustrate, (bo cliff, rent styles rf 
t: ,;i:ic Arrhiii ctv.ro, i'.-om :he L'":ir|Ti,s- t.i tho Information. 



« ( 



In 1 vol. Irojierlal 4to, with 30 fine Plates, neatly half-honnd in 

ANCIENT DOMESTIC ARCHITECTURE.— 

-A Principally selected from original drawines in the collection 
ff the late Sir William 13nrre.lt, li nt , ,ri:h ob ;ervntlons on the 
application of ancient architecture to the pictorial composition of 
modern edifices. . 

The stained glass fac-simile. 4s. 6d., in tin extra case, or In a 
ANGLICAN CHURCH ORNAMENT.— 

■L* Wherein are figured tin' Si.iu:s <-f !!»: K;-n.'Ii.h calendar, with 
their appropriate emblems; the different styles of atained glass; 
ami various ;aor,--d .■.-.-miidls nu-.i ortuEi! r.ts oseil in di'-.i-rh-;-.;. 
JohnWcale, 59, High Hilbom, London, W.C. 



[R WE ALE'S WORKS ON AECHHEC- 
TULI-;. t:N(.IM;i-.i<(\<j, FINE ARTS, Ac. • 



A-EAGO, Mons. — Report on the Atmospheric 

- 1 System, and on the propond Atmwpherlc Railway at Pari*. 



A" 

2 Engravings, In folio, imeful to learners and for schools, is. ftd. 

ARCHITECTURAL ORDERS (FIVE) AND 

rt. TIIEIK ENTABLATURES, drawn lo a larger tcale, with 

F igured i'im enshn n. 

4io, la. 

— Report 

In 4t<,, 1U Plates, ?s. Bd. 

ATMOSPHERIC RAILWAYS. — THREE EE- 

-J- I'DRTS 'in inilir ( .v..(l metlKvlH of Crtr.atraotlrig n.:d Wuikiiig 
Arinnsplitric lt»ilwnj«. By K. MALLET, C.E. 

In Bvo, la. 6d. 

BARLOW, P. W. —Observations on the Niagara 
Railway Suspension ISrldga. 

BAREY^'siir 1 Cn AEL E S, "rX" ^ - 
Si nail's.. I Modern Lnslish Architecture. llvW. II. LEEDS; 
Die Tiivltn CUIj-N.-iw, i'lnslraL.d lit ETijinivmj;* i,f I'lnns. 
S»ctioiiB, Elevations, an.l deta ils. 

In 1 Vol., large Bvo, 
E WICK'S ( 

ON THE DISTRI 
'7tK.= lIIHi;, (Is i'uniL,. . .. 
is Observations on Ironstone 



In 1 Vol., large 8vo, wiih coloured Hales, half morocco, price £1 Is. 

DEWICK'S {.T. G.) GEOLOGICAL TREATISE 

*J ON THE DISTRICT OF CLEVELAND IN NORTH 



In Hvo, wiih Plates. Price 4a. 

i, W. S. — Work on Geometrical Drawing, 

1 embracing Practical Geometry, Including the use of Drawing 
Instruments, thn cnnsrr.id Ui tiiuitrnpiik IV'- 



o:it.'. rni' i"nsir..<;ir'i. men. ... 
nnil Elemomiiry llf-oriptivf 



BLASHFIELD/j. M„ M. R., Inst, Ac- 
account OF THE HISTORY AND MANUFACTURE 
OF ANCIENT AND MODERN TERRA C0TTA. 

In 4to, 3s. 6.1. 

DO DM EE, R, C.E.— On the Propulsion of Vessels 

iJ b y the Screw. 

169. 

BRIDGE. — A large magnificent Plate, 3 feet 6 
inches Of 1 feet, on » scale of S3 f.-t to m inch, of LONDON 
3Hinr;r, ; cnn'ninini: Plan ami Elevation. En B raved and elabo- 
rately n:ii:;l.< d. Tli.? Worn nf the Hf.x MB. 

John Weale, 6fl, High Ilolhorn, London, W.C. 
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T>EIDGE. — Plan and Elevation, on a scale of 

U iot CH , to an inch, of STAINES UltlDOE; & due Engraving;. 
Ttiswf.rk nfth« KliNMKS. 

BEIDGES, 0 ' SUSPENsYoN nM — f "' An ^Account, 
wllh Illiiarmttons, of ihe fli in pension Bridge across the [liver 
Danube, by Wm. T. ULARK, F.R.3. 
In 4 vola., roT»l 9v,i, I* 1 in 3 vols., half-moioeco, priou £1 IVi. 

BEIDGES. — THE THEORY, PRACTICE, 
AND AK<JK.[TF.CTL'liE OF BRIDGES OF STONE, IKON, 
TIMBER, AND \\U!f.: w.ib KsmriUrs on t'.f fnncipleor Sua- 
p^nfilon ; Illustrated by 138 Engravings anrl (12 Woodcuts. 



o folio Engraving, price 7s. 6d. 

iss the Thames. — SOU'" 

IKON Bit! DUE. 

1 large folio Engraving, price oa. 

RIDGE across the Thames. — WATERLOO 



flTDM'. mUl)_«B._ 



TJRH 

-I J IRI 



SUSI'EN!<10N IIRIDGE. 



BRIDGE (the UPPER' SCHUYLKILL) at 
PHILADELPHIA, the greatest known spin of one arch, 

I tin {,'n 1 ■ _ r i ki'iit i n l', juice 3', (id. 

TJRTDGE (the SCHUYLKILL) at PHILA- 

11 DF.I.l-HIA, covered. 

1 large Engraving, price 3*. 6d. 

15EIDGE. — ON THE PRINCIPLE OF SUS- 

JJ PENSION, by Sir 1. BEUNBL, in the ISLAND OF 

BO URBON. 

1 large Engraving, price is. 

T3EIDGE. — PLAN and ELEVATION of the 

1 ' PATENT IRON BAR BRIDGE over the River Tweed, near 



84 Platai. folio, £1 is., boards. 

TJRIGDEN, E. — Interior Decorations, Detaila, 

■» J and Views of Sefton Church, Lancashire, erected in the reign 
of Henry VIII. 

John Wea>, S9, High Holborn, Londmi. W.C. 



[S. WEALE'S WORKS ON AROHITEC- 

L TUBE, ENGJNEEItlNU, FI.Nli ARTS, it. 



TiEITTON'S (.ioliu) VIEWS of the WEST 

-D FRONT3 of 11 ENGLISH CATHEDRALS. 

1}RITT0N S 1 i 'ViVl VIEWS of 

15 the INTERIOR of 14 CATHEDRALS, 

J^EODIE, R, ^ 



The Teit in onu large volume Bto, and Ibe Flafcs, upwards of 70 
in number, in I'll ;itia; f-.liu v^llmv, very i^atl. lial:"-b ■UNil, 
£2 10*. 



' ON MILL WORK AND OTHER MACHINERY; with 
Examples (if Tooli al modm-n i:r..'ii!i;>n ; p-iljl^knl bv 

ROBERT IiL'CHANAN, U.K.: afl.-u-iirds ir.-.iir.iri'd nnd cdittd 
by THOMAS TIlKL'liOLl.), C.E. ; ,n>d rc-f jilcd, Willi Ihu im- 
In-.iV.mr'.ll.H of ;!>■: jiM-i!>i:t r.:>i', bv GEOUC.F RENXIT-, F.li.S,, 
C.E., <fcc, At. Tlie wlmle forming 70 Plates, and 103 Woodcuts. 
John Weals, 59, Ili^Si I("!'o.hii, I. ndon, W.C. 
Text In m;al 8vn, and Plates in Impnrul folio, 16s. 

BUCHANAN, K. — SUPPLEMENT. — 
PRACTICAL r.XAMI'LKS (.■>; Miii'i'.KN TOOLS AND 
MACHINES; a 5ii ! .j,l l -m.j[itsry- V„I,„„ e i„ Mr. RENME'S 
t-di'ion of liUYUANAN "On MLil-W r ; n:!i.;r Marhiucrv." 
bv TIIliDUOLIt. Tbo work e.-sisisu «f Id rir.tes. 



In one volume, 4to, 21 Plalcs, half-bound in morocco, £1 Is. 

BURY, T., Architect. — Examples of Ancient 
Kecl-siasHcal AVonag.uk. 

pALCULATOR (THE) Or, TIMBER MEE- 

\J CHANT'S AND IIL! 1 1.1 iEll'5 CJUJOE, liy WILLIAM 
I'.ir!TA][I^i>N iMi! CTIAiM.FS WM-, r.f VV : ^n-l,. _ 
111 Sm, l'Utoi. cljtii boards, 7s. ISJ. 

pALVER, E. R.N. — THE CONSERVATION 

V AND IMPROVEMENT OF TIDAL HIYKH*. 



5, Lalf-hound.7a.Gd. 



PARTES, OWEN B., Architect, —ACCOUNT 

V OF THE CHURCH OF ST. ,TOHM THE BAPTIST, 
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lotto, with 19 Engrarlpga, £1 Is. 

p^HATEAUNEUF, A. de, Architect. — Arcbitec- 

pri!ppEN^A^^N^Go ,n ^^EVJOHlreoM■, 

V* LOCK, and FKT1I ER.— Old English and French Una. 
i; rjonipriBiii^ 244 designs on 105 Plates of el- 1 - 

E£Ti 

rs for brass worker, 

, ornamental iron work Fi 

modellers, Ac, &c, &c. 



4to, third Edition wilhaddiil^nii, prim £1 llo.ed. 

pLEGG, SAM., C.E. — A PRACTICAL TREA- 

TISB ON TUB M AM 1AC I'Ulii-: AND DISTBI11U- 
HUTION Of COAL l-.\s, I il,i,rrai..J >.■•■ Ln-riivings from Walk- 
ing Drawings, wilh General Eatima'es. 

In 4to, Plates, anri 76 Woodcuts. Inanls. price (is. 

pLEGG, SAM., C.E— ARCHITECTURE OF 

V MACHINERY. An Kssay on Propriety of Form and Pro- 
portion. For tlie use of Student! and Schoolmasters. 

In 8 vii, In. 

QOLBURNS, 71.— On Steam Boiler Explosions. 

One very large Engraving, price 4s. 6d. 

PONEY'S (.7.) Interior View of the Cathedral 

V Church of St Panl. 



In one vol «m, with 20 Folding Plates, prico £1 U. 

pROTON AQUEDUCT. — Description of the 

V/ New York Crotoo Aqueduct, in 20 largo detailed and engt. 
nferlng explanatory Plates, with text in tlio Engltib, Gorman, 
noil French InnpiKK. by T SCHRAMKE, C.i.. 



J)EN (SON. — A ] 



DOWNES, CHARLES, Architect.— Great Eshi- 
bltlon Ilviklin;-. Tliu l'.iul.liTifi ertcro.l ill Hv.io I'mk 'or 
the Great Exhibition, 1651; 28 largo folding Plates, embracing 
Finos, Elevations, Sections, and Details, laid down to a large scale, 

■DRAWING BOOKS.— Showing to Stndenta the 

U superior met hud of Drawing a mi Shadowing. 

DRAWING BOOK.— COURS ELEMEN- 
TA1RES LIE LAVIS APPLIQUE A L' ARCHITECTURE; 
ti.lin voliiioe, ccsifuiiiii!;; 4.1 fliih.nv.mly , n-r.i.-.-il I'Ihi.-p. in slhiii-v.ni 
and tints, very finely executed, by the best artists tn France. £3. 

John Weale, 59, High Holbom, London, W.C. 



2-2 



K. — CO 

AFPUQL'fl 
■ ■(],' ill,." ].. 



, by the best artists in 

-ETUDES PROGRES- * 
. -s i)'A.i;r.;iH , ri:i;Ti;itK nt: 

T.AV1S, j.-ir J. i;. TIUTI IN ; 1 ltl,--! foli-f, i' i line IV,;,;*, Ci.mpnMin- 
.*„ i..J trJ 0 f Atchittotuiv, di-i' iIki;-, villi pr.-.li 1 — -——■—>- 
113 of their proportion, art of atudovlng d 
a, fie, &<■., &c. £1 4s. Paris. 



In 12m", dnth boards, loitered, price 5a. 

ECKSTEIN, G.P.-A Practical Treatise on 
Chimneys; with . remarks on Stuvus, the consumption of 
Buaoko and Coal, Ventilation, Ac. 

Philes, isnpi'rill Svn, I'liiv 7 s. 

T^LLET, CHARLES, C. E., of the U. S.— Report 

-L-J on tha Improvement of Kanawha, and incidental!" of tba 
In 8vo, with Plates, price IS. . 

JXAMPLES^ of Cheap Railway Making, 

In one vol. 4to, 19 Flatei, with dimenslonn, ostrn cloth boards, 
prtca aia. 

EXAMPLES for Builders, Carpenters, and 
Joiners; being wall-s elected Illustrati'.na (.f recent Modern 

Art anil Cinslnictlon. 

With Ensr-iviii;.-s nnil Wooitcuts, piioo 12a. 

"PROME, Lieutenant-Colonel, R.E, ~ OtitJine of 

•I the Method of conducting a Trigonometrical Surrey, for tba 
Formation of Topograph icnl Plans ; and Instructions for filling in 
tin? Interi...r U.-itil, li.Kh l,v M ^uiiiv:,,*:.' And sketching; Miliary 
Reconnaissances, Levelling, Ac, <fcj., t";;.i!tier with Colonitl Sur- 
veying. 

Tn Ito, Sir Plats i, price 7s. 6d. 

FA I R B A I R N, W, C.E., F.R.S. — ON 
WATER WilEF.LS, WITH VENTILATED BUCKETS. 

In royal Svn, with Plates and Woodcuts, Bsoond Edition, mnch 
itniv.ivr J. p-irc. in i>ilni il"tli h..-u<!>v lfj^. 

r-AIRB VIRN W„ C.E., I i \ THE 

-T APPLICATION OP CA-T AMI WlinfGHT IKON TO 



■pERGUSSON'S (J.) Essay on the Ancient Topo- 

grapby ot Jcnisjiii'Tii. v.- 1 ill iv -it- ivd Pi.vis nf Ti-ini>U', ir. 



John Wnale, 69, High Hulborn, Loud™, W.C. 
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Q.WILT, JOS? 

latm, cloth boards, with 8 Flalcs, 4b. 6d. 

HAKEWELL, 8. J.— Elizabeth a u Architecture ; 
illustrated hy p n-.il Iris of II .Hon K-nise, Unified, Long- 
tent, and Wollaton, in England, and the Falun Delia CaucBlIaria 

T 8vo, with o Jl'apr i «~ 

TTAMILTON, P. S., Barrister-at-Law, Halifax 

■D-^ Nuva Sotia — Sots Scotia considered aa a Field for Ewi- 
In i:u_jerlal Svo, Third lldilii.:!, wiili additions, 11 Flutes, clotli 

JJART, J., On^ObliqiM*' 



HEALD, GEORGE, C.E.— System of Setting Out 
_ Ri.ilv.ny ( urt~. _____ 



JJEDLEY, JOHN.- 



Working and Ventilation of Con.] Mines, with Suggcationa 
for tmpmVt rrn'n'i in Minir.;;, 



HOMER — The Iliad and Odyssey, with the 
Hymns of Homer. Edition with an accession of English notes 

by the Uev. T. It. L. LEAHY. M.A. 

In Hv.i. :viih i:n :i-;ivi!isri, cloth ljusr -, Third I'ilitinil, 10.:. (ill. 

TTOPKINSON, JOSEPH, C.E.— The Working of 

J-J- the Steam Engine Explained by the use of the Indicator. 

OUNTINGTON, J. B., C.E. — TABLES and 

■»■■*- RULES for Facilitating the Calcnlnt'on of Earthwork, Land. 
Curves, Distances, and Gradients, required in (be Formation of 

Railways. Bund s, and Canal.. 

S'snsrato fMm the abore, prlcn 3s. 

OUNTINGTON, .). D.. C.E. — THE TABLES 

LL Or CjitADIESTS. 

10 Flutes, Svo, bound, Sa. 

TNIGO JONES. — Designs for Chimney Glasses 

1- and Ciiiiiijusy I'i.'C.s-i uf ttus Time ■<! C'.i irlei iIh Int. 

In a sheet, 2s. 

TRISH. — Plantation and British Statute Measure 

L (ci.nniaMtivi' T.hlo nfj, i.o that Er.-jlUi Measure cm be trans- 
ferred into Irish, and nice ftr»A 

In Ho, with 8 Engravings, in a wrapper, 6°. 

IRON. — ACCOUNT OF THE CONSTUT'C- 

A TION OF THE IRON ROOF OF THE NEW HOUSES 
OF PARLIAMENT, with elaborate Engravings of de tails. 
Iu Imperial 4io, with &0 Engravings, and 2 fine Woodcuts, half- 
bound In morocco, £ I 4s. 
IRON, — DESIGNS OF ORNAMENTAL 

» GATES, LOT.'Gl-ii.r-ALlJSADlKG, AND lliON-WOKK OF 
nil: liOYAL rAKK.-, with .on, i.lhur Dcsijins. 

John Weale, 59, High Holborn, Loudon, W.C. 
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JEBB'S, Colonel, Modern Prisons.— Their Con- 

In S vols. 8vo, with 26 elaborate I'lates, clnth hoards, £2 2*. 

TONES, Major-Geu. Sir John, Bart. — Journal 

W of tho SletJ^s carried on b" the Army under the Duke of Wel- 
lington In Spuio between ihe years Ifill mi-l 1814, with an Account 
of tlie Lines of Ton-en Yedras. By Major-Gen Sir JuliN I 
JONES, Burt, K.C.I). Third Edition, enlarged and edlttd by 
LiBlU.-GriieralSirU AHHY I). .Ill MIS, Hart. 

ifinu.',fTniti'l.P--i-.^,a~Bd. 
j/ENNEDY AND HACKWOOD'S Tables for 



In -H..,:i7 I'lntt-M, b.li-cl -rii binrds, !)-. 

KING, THOMAS. — The Upholsterer's Guide; 
Ruins for Cm ![!:■; nij-l i'.iriiiii-^ I) rubric 3, V ' " 

Illmtrated by large Draughts ar ' 
tut, iind ulirRO atlas loliovo! 

KNOWLES, JOHN, F.U.S.— The Elements and 
Practice of Naval ArehlteotD.ro; or, A Treatise on Ship 
Building, theoretical and practical, on the belt principles established 
in Grew Britain : co r i<:i:K Tabh-S of Diluent on, ririmtiii:-:;. 

&c. Tim Third Edition, with an A pistils, conTairiii.i; the uriuci- 
pl-a of oonBtrneUnsj the ltoyal and Mercantile Navies, by Sir 

KO fiRRT SEPPfNOH. 

411-HteH of a floe, nnd an eliklHii nr.- tl i|ji i„n In l-iva alias folio 
l,„If.l,.,iind, £4 l-u.M.: wi-l, t|.,> ten b;< if. bound in 4to. 



M A1N ' 



MANUFACTURES AND MACHINERY. 

-"-»■ Progress of, in Gr.at Uritaln, as exhibited chiefly in Chroi 
lariaal notice* of some Letters Patent granted for Invei '" 
theearll»st limns to the reign nfQiw 



JLJAY, R. C, C.E.— Method of setting out Railway 

Imperial tlo, with fine Illustrations, extra cloth boards, £1 os., or 
half-bmind In morocco, £1 lis. 6d. 

METHVEN, CAPTAIN ROBERT. — THE LOG 
(>!■' A JlliKUHAKT tUl'ICKll, Viewed with Reference 
lo tbo Education of Yonnc Officer* and the Youth of the Mer- 
chant Service. By ROBERT METHVEN, Commander in thu 
Peninsular and Ori-mal Onmpanyj Bertie. 

^ETHVEN, ^ CAPTAIN l ROBERT.— NARRA- 



Btabillty of Retaining 

Din grama. 

John Weal a, 59, High Ilolbom 
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'I'lJKK, emginleiiim;, fine auts, .to. 

On a large folio sheer, pries 2h. 6d. 

■SEVILLE, JOHN-. U.K., JU.K.I.A. — OFFICE 

J.'_ HYDRAULIC T A [ILLS : :'■ r the ii-l> <■[" Engineer* Onpng.J 



lu Bvo, Six-jail ami miicLi li:!|ii-uv, : .[ i:d Lt Lm u , ivi;h an Appendii, 
clolli board k, price 16j. 

^ EVIL L E, J 0 H N, C.E., M.R.I.A.— HY- 



i. Notches, Weirs, 
Formula, Tables, 
Basins, Drainage, 



0\ 



KNAMENTS. — Ornaments displayed on a 

' Working, proper for all Carvers, Pointers, Sc., 



Plates, Hyo, 2s. 6d. 

A'BRIEN'S, W., C'.E. — Frizo Essay on Canala 

« and Canal Conveyance. 



TIVE ENGINES L'l'O.N i: A 1 1. W A VH — With praclicul 

by tn'un of LoctjmaUvsa on HiHrjads!* "fly (JOUNT^ f5 M .""g* 
DE I'AHBOUR. 



of Italy, pord 



pAEKEU, CHARLES, Architect, F.I.B.A. ■ 



POLE, "WILLIAM, 'M. Inst., C. 
M-;i I'LMnxi; i:m:[S!-: ; thisijrrieii mid . 

the Hnvle Cupper House in Cornwall, under the superintendence 
ot CAPTAIN JENKINS; erected and now on duty at the Coal 
Miti.-s 1. 1 L..iKMir:, i Ki i.n ; 1 ti i i-il t i.i" lha Loire Inrerieur, Names. 
Nine olaborato Drawing, historically and scientifically described. 



AN ANALYTICAL INVESTIGATION OF 

THE ACTION OF THE COKN1SII PUMPING ENGINE. 
— This Third }\irt s.-M K,-|>:u-a1<-!y f i om nbriye. 

PORTFOLIO OI^ENGINEERING ENGRAV- 

■L IN Q?.- Useful to SttidenU an a Te« Honk, or a Drawing 

I'. ok ..■ r.:i..,i : .-,..L,i lr i M.,i;ll,ui : rH : Inn,; a ^n:s of Pm.:tic:if 

ExNinpI-s In Civil. Hy.lriLiiiif, :,n.i Mechanical Enginecrtog. Fifty 
Eiifravinss to a nrali for drmting. 

John Weale.iO, High iloUiom, London, W.C. 



WE ALE'S WORKS ON ARCHITEC- 
TURE, ENGINEERING, FINE ARTS, 



PORTFOLIO OF GRI'lEK A liemTECTURE. 



PORTFOLIO OR^RAWING BOOK OF 
J- iiivnm: cfn;nc.n Ar:o!nT!-cn'Hi-.-<"if n.r. ^rh--.u 

~ ' --(BfUl to Amilitscts, 



PORTFOLIO Oh' ARC 1 1 ✓KU LOGICAL COL- 

X LECTIONS.— Of ciirioua, Interesting, and ornamental sub- 



ks, Cuttings, 

I'.moankmGlUS, Tunneb. Oblique Arches, Viiulsiels, Bridgm, Stn- 
riuu., l,^:m. tivo Kii-iiu^, At.: i .. ' !: :. •:: ,. ;ron anil (las 
Works, <.nr..Lli, Lrek.g.-ili^, Centering, Masonry and Brickwork 
for Canal Tunnela ; Canal Bunti : l!ie Lond»n and Liverpool 
Docks, Plans Bnd (JjinciKiu:!*, 1 > n'k jriLVs, W'.iIIh, Quays, and 
their Masrary; Mooring .Chains ; Plan of tins Harbour and Port 
of Londra, and other important Engineering Works, with Descrip- 
tions and Specifications. 

PUBLIC WORK^OF TH e"u N ITED STATES 
OF AMERICA. 
An.i the text in an 8*0 Volume, price together £2 61, 

T3EPOUTS, Sl'FCIlUOATJONS, AND ESTI- 



<1 l-jijjrnvms-i, uLui-idatLTi!,' ]n-il' 
gineering Works. The I'Utea are Enj 

Imperial Svo, 50 Engravings, £i 61. 

PAPERS AND PRACTICAL ILLUSTRA- 
TIONS OF PUBLIC HOHKS of RV.VV.ST CONSTRUC- 
TION— BOTH BRITISH AND AMF.111CAN. Supplementary to 
previous Publications, and containing all ilia details of the Niagara 
S unpen si on D ridge. 



EAWLINSON'S, ROBERT, C.E.— Designs' for 
Factory, Furnace, and oilier Tali Chimney Sliafra. Tall 

Th™ r Hrercqliire l .l''fo':''Fic'- r . k's,' ii'V™ndries, for C.'nj'worka , for 
Chemical Works, for Biths and Wash-houses, and for many other 

p urposes. 

T::ir.; Edition, in royal Svo. b"a.-d.H, win. 13 Char Is, Ac, 12s. 

PEID, Major-Qenernl Sir W., F.R.S., &c. — AN 

-M* ATTEMPT TO Ui:V£LOL' T1IU LAW OF STORMS 
bv means of faels arranged nccoriiing to elace and time; and hence 
10 point out a cause for thu variable winds, wilh a view to practical 

John Wealo, E9, High Holborn, London, W.C. 
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JENNIE'S, Sir JOHN, F.H.&, Work on 

Foreign limb mi, I J u 1 1 This B™" work 



:_'m-.. v1.,-,Il Viu-.k im. 
(JIM M S, F. W. — Treatise on the principal 

" Mathematical aod Drawing Instnimenls employed by IhB 



F.asiiLB-!: 
doll is, to 



rotate ct, and 8ur._, . 
Iter wicli IiielrncliiniH ill Fii-ld V> 



41-, with lb;.- I'lalvS, a .V:.v iliiiiini:, c;;iC:[[Ll!<l. : 7;:. 

SMITH, C. H., Sculptor.— Report and Inveatiga- 
^ lion late the. Qualifies lit. in and Fitnoaa of Stone for Building 

QMITH'S, Colonei^of " the^'Madraa Engineers, 

' J Ub.i..-i-.-;i-i -ii.i ■ !„■ D.itk's and [.iussi li ilitios Involved in 
tl-.n Mani;'.yi- i.i r.i Mim'S. ; 

' ' . >...- -, . . M -, 

SOPWITH, THOMAS, F.R.S. — THE 
AW.Mil> (if.' THE DEAN FultKST COMMISSION EUS 

AS_T(i T!!^ CiJ W, AND MINI 'S. 

16 large fnlto Platea. £1 ■is. Separately, lis. each. 

SOPWITH, THOMAS, F.Li.S.— SERIES 
OF ENGRAVED FI.ANS OF THE COAL AND IRON 



CTAIRCASES, HANDRAILS, BALUSTRADES, 

*J AND NEWELS OF THE ELIZABETHAN AGE, &c- 
Coailalliig of — 1. Staircase al Audley-eud Old Manor House, 
Wilts; 2. C1mrl:en Hon™, Kent: 3. Clrl'nt Ml, in -ham Hall, Nor- 
folk; *. Dorfolil. (Iln-.iiiire; ;p. ('barli-rli.vii-T: fi. Oak Stairenfi! at 
Clare Hall, Camun. ; 7. Ci-om-vj.il liajl, HlyhRale; 8. Ditto; S. 
Cilhi.Tino ii.ill, Ci-.:i'liriJKC : 1'.'. rr.ildit ),■.- i r 1 5 1; . i .Jnr,CH a! a 
houpe In ChaiiJtis Suput ; 11. Dlstu at I-:»«t f=uti.-Ti ; VI. Ditto, dltln. 
Useful to those conslnicling edifices in the early Englinli domestic 



Li'.rui: a' hi., ti-li.i I'lat.'S, price £'J 'j-i. 

GTALKARTT, M., N.A.— Naval Architecture; 

*J or, The Rudiments and RoleJ of Ship Building; exemplified 
In a Setius of Draughts and Plans. No text 

John Weald, 59, High Holboro, London, W.C. 



Digitized by Google 



28 



SI 

CTEVENSON, DAVID, C.E., of Edinburgh.— 

U rt,l|.p!.;insnt U hi:; Work on Tidnl llivcrs. 

Ttsit inlw, and large fulio Alls of 7f. I'iatcs, nnlf-cLih bua.d,, 

£2 lSs.fld. 

OTEAM NAVIGATION. — Vessels of Iron and 

"J Wood ; the Steam Engine ; and nn Suits w jVropulfiinn. By 
WM. FAIKU.UKN, V.ll.~- .'■! il-K-di.Mlui-; Mi-rfsra. FORRESTER, 
M I I.iv, r|i.,.,l; ,[ 1 H I \ L Mlil>, M I !. . r,f i;i.k, m, ! ; 

OLIVER LANC, (in^j «>■ lV,.ol.i r j; V : .^CAWAlill, Lime, 
house, Sc. Ac. Has. Togidlicr wirli KiviIh »f Kxjii-rlnwits on Iba 
DlWur Imnce of il..- Tuini a-.* in luiu-liuiit rii.in-. I)y O. B. A1KV, 
M.A., Astronomer Koyal. 



EDRAL, LONDON, SEC- 



-FAtRBAIRN, 

Legion of Honour of 



in 2 vols., bound in 1 vol., price, in cloth bum dp, 16*. Too 
i).;C(.];J [!■■]] nf tlm uvi k, containing .Mr, i li'dgkin.oon 1 :; L'^eri- 

STRENGTH W MATERIALS.— HODGKIN- 
SOM. EATON, K.R.S.. ANI1 THOMAS TIIEDGOI.D, 
C.E. A PRACTICAL ESSAY ON THE STRENGTH OF CAST 
IKON AND O I'HEll JILTAI.i; iiilimi,.,! for rh..' l-fiistiim:,.. of 
engineers, Ironmasters, mill v.- rn;!-,i~, rc.-t founders, smiths 
and others eutiagt-d in ih.- ri n.i ruci h.i: I,:' Hiai-liiiwH, buildings, &c' 
By EATON HOOGKINSON, F.BS. 



QTRE. 
O LI A 



LIAM, 

tlio Strength uf MmeriflU}, nf Wrought and Cant Iron with otbor 
melals, [or structural puqiosra; developing in a. syolomilic form, 
[!it! strength', lntm-i m-'ijits. aisrt f- -i I : l!, cf tl vm ui» i.tUlIi.. ivhe- 
tber used as girders or art-lias ('"t tin; e..inLi uuiion uf brldgi-s and 
i- inducts, public buildings, domestic mansion;!, pi iv;i!e l.uilJiUL;!', 
columns or pillars, bresaununlaia fur wnrsbnusea, shops, working 
;,:IU uiannfu :nvi:L. ; fm>i.)rLui, fcr. &r. &c. Tin! « lu.li. n:ii;l, i ed of 



. , reference for ir chitrc;;!, buihhi-s, C.vil ml mechanical cngL- 
neers, millwrignis, iiui.i'oauJ :i s oi.. oic. &e., and forming Read? 
1 -' rorCiilt-iifattr. 

John Wea», 59, High Holborn, London, W.C. 



i t i N K 1-: J* INCi I N K AinS, Ac. 

30 very elaborately dmwn EuRrnvingp. In Ursa ato, neatly half- 
hound n, ri lef.rcd, s'.l Is. A few topics .1, lac^u imperial iii:-c, 
extra half i.irid.j,-. iN.e.l. 

TEMPLE CHURCH.— The Architectural History 

*- anil A!fl.ir ( ..'1i:r:.': Urii-nmiul.i. i:ii,i;,.i;[.-.:L]i:ui,:.i. iU.il I'.njiIuJ 
Gloss, of ilio Ti;mpl a Church, Lnndon. 

lart I., with 2G Engravings on Wood and Copper, in cloth boards, 

'THAMES TUNNEL.— A Memoir of the several 

'■ Operations «!!■! I hi! C.in-i triii- 1 l.:n ■>(' tlm Thames Tunnel, from 
Papers by the late Sir ISiMBARD BltUNEL, FJC.S., Civil 

Fn.inli Ediilnn, wiru a Smndcm»ntFirv Addlti 
" ~ T.S.L.- 

.. .. .. ...orm nf Thi* Tnifii 

Wunpowder plates. 



THOMAS (LY.N.V LI,), F.lJ^.L.—EiflcS Ordnance. 

J- —A Prnclic.il Treatise on the A« 



i I ihu Rifle to 0 
"" " ■ New Theory of the Iaiti 



In 4to, complete, clath, Vol. I.. Kith Engravings, £1 lCs ;»ol, II., 
ditto, £1 Si.; Vol. III., ditto, £■> lis. (id. * 

TRANSACTIONS OF THE INSTITUTION 
-L of civil exc;im:ekm. 



e coloured, la Sarge 8vo, half- 



TRANSACTIONS OF THE NORTH OF 

ENGLAND INSTITUTE, OF JiiSINl.; LNGINEERS.- 
Comm«ncir fc - in t-f.jU, ami f.s.iiis-jtd to lgtiO. 

A New Edition roviBen by tho translator, and with additional Platen, 
iu demy Umo, India ymf Platan and Vi^nettea. half-bound in 
moil,:'", nil! (-■(■■:, Mri'.-p 15«. Only i.l urinli'i! mi l:sili:i ".ii-.'.v. 

VITRUV1US. — The Architecture of Marcus 

» Vitro vino Polllo in 10 H ints. Translated from tie Latin b7 
JOSEi'II G WILT, I'.S.A., F.R.A.S. 

In 4(o, with Flutes, 7s. Gd. 

WALKER'S, THOMAS, Architect. — Account 
of the Church at Stoku GolJliii;. 
£1 10s. 

\XTE ALE'S QUARTERLY PAPERS ON EN- 

W GISF.F.HINIi. —Vol. VI. (Parts 11 and 12 complellne; 



Text Lii «■,■!>, r.:.nh I- ar.i-i. an;l l'lai. ; in atlri:; n.iin. in cluth, IBs. 

WHITE'S, THOMAS. N.A., Theory and Prac- 

'* lice of Ship Building. 

InSvn. *lth a large Sectional Plato, la. Gd. 

W HICHCORD, JOHN, Architect. — 

" OBSERVATIONS ON KENTISH RAG STONE A3 A 
BUILDING MATERIA!,. 

John Vr'eale, fill, 11 gli II I'. vr., London, TV.C. 



,1,MI:v,l ;>,.„ K. ill iillC li:'.vi icf. ■. 7'i fii. 

WHICH CORD, JOHN, Architect— HIS- 
TORY and ASTiQurnrcs ov the collegiate 

CirURCIl OK ALL - \ H AID-TIINK. 

In 4to, 6j. 

WICKSTEED, THOMAS, C.E. — AN EXPE- 
RIMENTAL isoriijY rosci:i:NiNi; the RELA- 
TIVE I'OWLIt OF, AND L-SLl'LL LFl'LCT I'KIIDLCKU 
iiV. TF!K i.-:>i;N:sii AMI LiulJl.TuN ,t WATT I'L'.M I'ING 
i:NOINKS, iiTid Cvlin.lrirsl nnd \Vii!;jr«:!-l Ii-atl Boilers. 



WICKSTEED, THOMAS, C.E. — THE 
ItLAROltAiLI.Y KNI.UAVKD ! LLUSTll ATIU.Xrt 0 I' 
TilET'llLMSII A\i> 1U1UI.TON ,V V/ATT KM; INKS erected 
at the East London Wafer Works, 01.1 l'-.vl. tli-.-.l.t ixrue :i:!an 
folio very fine line, cn^rflvin^j In- ULAliWlN, 1'rvtu flilinrsle 
; folio, together 

in i!]is:riiviiig, by 



mg, by 



WILLIAMS, C. WYE, Esq., M. Inst. C. E.- 
T11E COMBUSTION OP COAL AND T1SK PLEVEN 



WILLIS, EEV'. riiOFESSOE, M.A.— A 

■ * systam of Apparatus for tho use of Lecturer* and Kiper!- 



Inllo, bound, with 2(1 Iirpe pUlcs anil 17 wMidmN, 12s. 

TSTILME'S MANUALS. — A MANUAL OF 

»» WHITING AND PRINTING CIIAltACTEES, both 
ancient and modern. 



Mans and Plana, In 4to, pistes coloured, half-bo'ind monwoo, £2. 

W/ILME'S MANUALS. — A HANDBOOK 
*' for MAi'i'iM.:, i:M.;iM;i'i;iNG, and aucuitlu- 

'ITMI. HLAWTNi;. 



Three Vola., larse Svo, £3, 

WOOLWICH. - COURSE OF MATHEMA- 

*' TICB. Tliia cuir.™ i* essential to all Student* destined 
for the Royal Military Acrufemy a l Woolw ich. _____ 



YULE, MAJOR-GENERAL.— ON BREAK- 
WATEltS AND HIIOYS < ( Yi-UTirAl. FLOATS. 
John Wfl*le,S3, Hipb Holborn, London, W.C. 
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"FOREIGN WORKS, KEPT IN STOCK AS 

J? FOLLOWS;— 

Largo folio, 3-2 plates, same coloured, aud 12 woodcuts, 50 francs. 
£2 10s. 

ARCHITECTURE SUISSE. — Ou Choix <le Mai- 

-il sons Riivitjn-s .i.-i Alp... dn C.uit-.ii ,\: Heine, par Git A F- 
FINRIED at STOHLElt. Architects. Borne, 1811. 



JJ, \jii-_l_l l«.a 

11 BRUCKENBAU K 



Largafoll", W H-iIsi .iriKs_ ,t.iii» cai'itHs, 12s. 

JjYZANTINISCHE CAI'ITAELER — Munchen . 



pruiieil ;ri:e L.a'jfi; !■;■- il-< Ii anl: . 1 1 -in. 

pALLIAT, VICTOR, A RCT. — Parallels des Mai- 

^ sans dii IVuis 1 -nn..'ii:ii. a jlf[inis 1 i*V> ji-.wjii'j i,n, jours.— 1857. 
Large folio, 60 franc.-, 69 pU.d'ji, nn 1 si; viir.il v'jjnetten, £2 Us. 

pANlCTO, F.— Sainte-MariG d'Auch, Atlas Mono- 

^ graphi.in.s i!i Ci-itc C Kliddrato. Tliu I'hitfs rnrsist priiirir,„l]y 
of M-liins tlr:i-.vi!.L-s nf li.c IsisKi! Cl.ss lVL:j:it-vs in thin <._iui!- 

dral. 

120 pTrtti-a. fl]._i,!. in U di-uiii.-xro '\iri i 'tri 1 ravel. £5 15*. (id. 

p ASTER MAN, A.— PARALELLE des MAI- 

^ SONS da BliUXELLES Bt den PRINCIPLES VTLLBH an 
la BELGIQL'E, const™ lies deputa 1S8U j'i«qn'Ji nos jours, rcprc- 
nenies cupUm, Oliiv.itii.ms, cvijh .■! di-'ail-, in.L.-iL-urs cl oslurieura. 
—Paris. 
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Small folio, 18 plates of 1so-.ij.lV-, nut; o< h.nnr.:. <:e,aila of all kinds 
of mi,:.; tlailv h> :il nvn-.il u-orr.. c- ■ ■ t ■ . i i ■ 1 plates ill i i.iir;i:iu:l uC 
t!s<- (.lri.':-;s iiivi-n, f ! H. 

■nEGEN, L. — LES CONSTRUCTIONS ORNA- 

' MLNTA J ,!-:iS i:s 11!'.i,ts. h !iv,-ai(,oiis. 
In 8 v.tv Uv^o f.lio nnrts, 85 line pialea, £1 lis. Od. 

p AERTNER, F. V.— The splendid works of M. 

VT OAEUTNEK ot Muiiicn, drawn io a very large else, con- 
Slating of tlic library in plan:;, i:l-v.i!s.-.;i:i. intcriiira, details, nod 
siTlu.iH, nil.: i-jjlu'iE-.'ii (liiiiuiiBiits. I'liu cluircb, with details, orna- 
ments, dec.— Mflnchen. 

Small folio, 86 flnt 
of the boa s en ai 

vary neatli- Imlf-boiinil in morocco, £2 12s, Oil. 

T7" ALLEN JiAOII, 0. V. — ( In-onolot-ic der Dcutsch- 

J-*- M ittelal torll than Baukunst.— MUnchan. Fina Work. 
Tha wort 

Munich and St. i'et^rsbiirg,"£2~_T " ° ~ 

RLENZE, LEO VON. — Sammlung Artliitec- 
tonisher Enlu ikf.-, fiiv ili- Aiisf'iliruNij be-limnit odec wirk- 
lich ausgeftlint. I'alili.liPil jn .'.[nuivh. 

John W_lo, 50, High llalborn, London, W.C. 



jfOUEIUN WORKS ^KEPT IN STOCK AS 
])ETIT, YICTuI!.— CiiATEA EX DC FRANCE. 

Arehiteet'jra Pittoraaqua, ou Honnmonta dcJ quinElima et 



j^ECUEIL 



T) AM EE. — II 1ST' >I HE UENF.UAEE DE L'AR- 

CHJTEs.lTL'liK. I/[[is'« : r.! ^-..in 'iiiu ,le I'Aici.itccturt, p«r 
DANIIiL ltAMEK, f.i;iii'j J it.4. ^iMiiit in Svn, vjuulits oq B faa- 

1) vi.ll , ] ^v.- L ri !:iiLr:ju!. fin.' " ■ ■ 'i^.i:-.. lull' n i-'-.-c -^0 - 

VIOLET- LE-DUC. — DICTIONNAIRE EAI- 

* SONNE, ilerArchtLcolnreFtaDaiiiacduquinzitaicBU suizLfcme 
Bt*ciB. Parts. 1S54-B. 

li v. ,!-.,. iv.Hi.-i;.! f.liii, jm:.,. j>- li.s.&l. 

jgADIA D'ALTACOMBA.— Storia e Deserizione 



li 



ELLE ARTE— II Palazzo Dueale di Venezia, 



QANOVA.— Le Tom 



CAVALIER [' SAN-BEUTOhO (NICOLA).— 

ISTITCZIONl Di Al:( i.TTI.IIA STA'l'ICAE IUUA ti- 



ll folio, In parts of.i. In iii vision", At., Kc» and n,uc!i 

xl.ti.lll, r..MI|ni,[;m V.T.i I'l.l'.-o: I' .: 1 <■ I i i<[ [ ll^s 

IT.-Mil. v .li,,,^. :■. r r L,,i s, n.:.l ills. £8 18s. Ud. 



f'lCOGNARA (COUNT). — En Fa L> brie lie eiMonu- 

V inenli C^ii-ni <li V. n, illustmti iln I,. Uiiognnra, d* A. 
Die Jo, e da G. A. Si'lv:i, ciiininsii! t m r.„ij'n.sd note. *■■( iiBttiiinK; ill 
l'Vincewco ZanoUrt. aiT[i-i':ii a .li mi 'Vf wii o delia Versiono 
Franose. Vw.eiia n.-ll.i sub. ,li t;. Ani-sitlii a spvie du^rlt 
edit. G. Ant.m'ili l.m-i- m« Harf ulnim... l-.".*. The tluWalely UC- 
SCr^tivo IllXt U i EL 1 .!■ ,H| :.11.1 1 Milan, LMlltLfu li)" [.riUteil. 

C'i|ii.'p dejai.tiv i, ill" !..t iiiJ in in. r,.CiO. est™ Kilt, libiary copy 

interleaved. £1S 12s. Vc ner.% 15^8. . 

F<'li", Portrait, ami 1 17 Pistes, c.ni.istina of subjects of pnbiie build- 
in;;*, execute.! al Vei'ulla, [il.tns, i:l. ivn tldii., snctiniH, details, and 

F' a Li'.'iVti' 'Ti'.'.— ri'\ 0 V"' < c mXiastiche 
E M! LIT A It I 1)1 MlCiii:i.i; ka.N MiuilliLE Uiseeuaio 
oil IrctsB .In HON KAN I t'HAM.'KSCO B L. 

QIBOLAMO. 

John Wrttlo, '>'-'■ \V'A\> ]I->ibo: ■, Union, W.C. 



IN STOCK AS 



iMV-rl.Jit! lis. ' 

FABBRICHE.—E DTSEGNI D' ANTONIO 
r>J_EDO, MOBILE YENUTO. VTP7.ii. 
36 nvcnis..(i>, pno.i i.U lis. 

GALLERIA DI TORINO (LA R-EALE). — 
Ulostrata da li. D'AZSGUO, Memo, dc 11' Acend, ic. &e. 
Copies Indiiin pro.fi, £18 10s. 

'„" ll.U'li! rnjjiiis HI (•!-[;■• Tit ■ , liiil lin- Iri 'il or r,f. £ : . n . 

^ vola. fill in, Ciillloli't"', 177 I'lales id "lirlniH .■ii^i.ntur.-i, v h 
:-.-ti(!Vii, (li ■ 'Lis -V.'.. f rsi i'j-.mc,;. LiiiLMi . . i . . (i . 



i. fill in, tiiinijltci!, 1(7 I'luli's "i ini rli hh i i,-, plan-, in 

:?TinrB. cIct-tiLht 1 : .i- s t ii:l «:■..::.■;;! -;i i'r.mt,;. LiiiLMi . . i . . (i . JLii li-. 

GAUTHIEB, M.P., Architect*— L« PLUS 
ukaUX i:i)ii-'if'i-:s j l: u vn.u; in (;i:m'.s t.i m 

ENV1KOJ1S. Pans. 1831-2. 



lithngninliy, with full doecrlptions at Inched [o each. Elegant ia 
rial.' i:n •: inti'r'iviv.'d, £4 lln. fi.i. 

t, G. — VENEZIA MONUMENTALE PIT* 



vols. Kith 3 vols, of in It 



£18 IS*. 

TETAROUILLY, P.— Edifices de Pome Mo- 

-LJ derne. FaHa, 1815-06. 



M £1 ICHELA, IGNAZIO.— DESCRIZtONE e 
disegni .i t 1'ai.a>'..',o m.m;[^j'i:ati u i-m: i 

di TOKINO. T..rin o. 

'Large folio, 91 riatii-, Vmul in it-iim I- iir-in-n-uciio, gilt and inter-" 
leaved, price £0 10a. 

"OEYNAUD, L. — Twit tat o di Architettura, eon- 

J-*- tanento nnsrtni gencrall ani principii <],.iib. Cinsinuinne e 
nulla Btoria rlrii' Artl, eon annot. per ears, di Lorenzo TJrbanl 

Ycneila, I BM 

I Unpen, d t>:illty (jv.i v..Iii:ii.-, j.]i:>:.-i1 «u.[ | ■- : 1 .J i l,,M laricr nuthu^ 
rity, sad tn-at* of ihc early fonmlatloii of Venlca and estab- 
lishment M a kingdom, its wealth nnd craimercr, and ila ones 

■'[■■■:'! l.fiV-'fill , i ■- '■ ( i ■ : n . "illl I'luVS, ?M i! 

. YENEZIA.-E le sue Lagune. Veneaia, 1847. 



yENRZIA. — Copies^ elegantly bound and gilt, 



l interleaved, 



ACCADEMIA DI BELLI ARTL — Opera dei 

-J Gondii VnKBt-i I'lti.n-u'i^ .I:.-]" I.H.Aw 1 ,i»,iiiiM 1 !r.!l ( :'l:,.M,. i Arii 
In Mllano, e pnlili | c: - rnv„ ,i< if Au-liW;:i,i, c. Al.UISETTI — 
r li Clii'-si i i On,;m^— per lo Class I di Archltatiura, figura ed 
Ornato. Milano. 1825-29. 

John Weale,58, nigh Holborn, Loado-a, W.C. 



J"OEEIGN WORKS, KEPT IN STOCK AS 



Atlas folio, very fine 
(olio, £3 13s. 6<1 I 
■ aved, £5 15s.. 

5ETOLLI, 

Sale od AltriOrnimonti. 



To bo had separately. £1 8a. 

A LBERTOLLI, G. — Part III., very frequently 

**■ required to make up sets. 



gOFFMAN7 Et" KELLER^OVEN 7 - 



2 vols., folio, BO Plates ol 

it day, £7 10s. 

— Eecueil 

ii Chez ;oua lea 

pwlplrd ct aai ph.', Iiclliii -m n r- ; ,-o !cur Ciuli-Mtion, Ac, i'.ct.- 
tlnesa.se.i'vlr d« unitil-i (Ui m:iT.Jri.ui;: :;':i p.'iulros, dccorateurs, 
palntres aur verre, et mix deaslnatuuiu de fabrlqnes. 

HOPE, ALEX ANDEE ^BERESFORD, Esq.— 
AbbiidmiRcu iior !JI,^_-™ MJe in .ier 3alvntor-Kirche an 
Kilml'i*-!! in ■icr CiMlinlinf! k"eut. (!',i-iiK i:f "Hiii-iny- r,n ijbisN in 
Clirlst Church, K il:nl..-.vn, in l-uiiiiv ol Kent, executed In the 
Royal Establishment for Printing on GIsbj, Munich, by order of 
ALEX A Nil El{ J. ]'M'.1'..-Rmi> II ■ ■■I'J :. K„|.. imhli-iiml \>v 1'. 
Mffjferf, 1'ali.t.T <>n Hi.i^, M iini'li,']!. Tli.i w;,rk contains one sheet 
with the dedication ir> A. J. H. HOPE, Esq., and fourteen windows; 
in the wholo tiftecn, beautifully engraved and cartful!; i-uk-nraJ. 



feBa?™ 11019 '' 

"TJLI3 

di Compo>iEioni e Dccamztoni O room en tali, come uuupellet- 
tlll, tsppezz-'ri.*. »r:;i:i'iin;. cristnlH, iiu':iai. c in, Lei ,1 mil pad", bronz!, 
eo. YeneEla, 1851-1883. 

Prii 60f., lo folio, £3, 

T E P AUTRE. — Collection dee plus belles Com- 

position*, gruviSos pir DE CLOUX, ArckU, L'Ourrage con- 
lieut cent planches. Paris. 

This unique ciirrt-on is in 3 Vnl». -tin, ini.l its commencement In 
1813. nud co-it. in - iLi.iv-inls ulfiS'l rich Iteisins. Pi ice £5 5s. 

METIVIliR, MONS., Architecte.— The original 
Sketches, Drawings, aii.l True'iugi, in imnril and pen and 

ink, of f-xi t- n Wt-rkt jml 1 j: .. - : l I r ri ■..■;:>'.■■>■ i- i!.,' g. uiiM t:f 

Mcna. Metlnicr. a-; -:i ;i r,-:iitert 'it' hi-rli attnnnm-iit i, »ii, 5-. recent 
death was nmrii reL-ie'ieil in It.ivn rin. II.- w.i ■ n nmive of France, 
and was Induced to settle In Munich by the late Duke of Leuchten. . 
berg, under wh..in' patr.ma-" )m -■.-;';! 111 Li r- 1 1 i:mp'(iy,-d in the con- 

stniclion of pili-me eilifue-a tin the l'..r. .n in liiliiyand gentry; 

and for decoration and finings of tl h;~ inieri'TS are stilt much 

In nd mir.it ion. I In built. .\ in ir-i. n lor i 'rin (.■• irlc-i. in a mist 
simple and oleitnnt :,ivli; [in I'riciiiier Street), »hich is a till now 
considered one ,.f i.lm [nir-st. bniiiiiiii-i ol Munich. The abore 
Sketches ar« his professional life atid practice. 

Twelve Parts, lo small obhnc tto, 60 coloured 1'la-es of 90 olabo- 
Titt-ls co' wired nnii ulltornameuW. £1 Is. 

i Verzierungen 

Bdere Bang '- 

John Weale, 09, High Holborn, London, W.C. 




QENEMENT S.— Tirfia on imitfia des Quatre 



Six FsrtB, UrgK Kiliu, Plntes beautifully coloured, In facsimiles 
of 1U2 In'-ji-i ■[ i;, U-Mnifiitj!. (.'■•!]i':,irii;iini(-', (.Vilir:^?, iic . 
£2 V.!-i. li'I. A!-; l. (■'■■-.lutly lisll'-bMinl in morocco gilt, £i 4a. 

"DOTTJIANN, L. — Ornameute aua den vorzug- 

i V lichsli n Umiiri' in ii Miliirii^iia. Mltcchcn. 



ViTV clr-pint. in linii l'i:J mn"-Cfi, nil:, mrl int'Tli-nvi;,!, £7 I <3. L i 

7ANETTI, G.-STUJ)II' AltCUITETTONICO 

/J (IKXAMKNTAU, d.vliciL-.i J.K. Arcdcmi-i Wile'* Mie 
Pells Art], setonua eulzione can aggiitnte del Prof. [.. UlilSANI. 
tii livraia-jmj, in icipeihl f»]io, about 'JiiO ii' moit dalioralsly de- 
signed sul'jfL'is i.f A ruhir.Tt.ii--' ami lnliM'.i.i' I'iilir--), Digitus i...;- 
Ciiinmey i'i-n::-., Ii.ni W„rk r,,r luii-ricr* mi. I r.Ui'.i.ir.-i, Gnlts m:,! 
W'Hiilcn <.i:iv : . Ii:i:--(cu |).:c.jrilii'i:is, A;,, if, hit! m: In !• tl'O Al- 
p ill ni it us. Vi'.i.'iiii. 



A Catalogue, of 40 pages, to be had 
gratis; printed in demy 8vo. 



Export Orders executed either for Prin- 
cipals abroad, or Merchants at home. 



In Atlas of Plata and TtM, XZmo, price 25s. together, 

IRON SHIP BUILDING. 



PRACTICAL ILLUSTRATIONS. 
JOHN GEANTHAM, N.A. 

DESCRIPTION OF PLATES. 



1. Hollow and Bar Keels, Slim a id 

Stern Fasts. 

2. Side Frames, Floorings, and Bilge 

Places. 

3. Flooring! continued — Keelsons, 

Deck Beams, Gunwales, and 

Stringers. 
i. Gunwales continued — Lower 

Decks, and Orlop Beams. 
5. Angle-Iron, T Iron, Z Iron, Bulb 

In>n, as rolled fur Iron Ship- 

Bnlidlng. 
«. Rivets, shown in section, natural 

size, Flush end Lipped Joints, 

with Single and Djubla Ri- 

7. Plating, three plans. Bulkheads, 

and modes of securing them. 

8. Iron Masts.wilb Longitudinal and 

Transverse Sections. 
C. Sliding Keel, Waler Ballast, 
Moulding tie Frames in Iron 
Bhln-bulidiog. Levelling Plaies. 

10. Longitudinal Sec lion, and Half- 
. breadth Deck Plans of large 

Vessels, on a reduced scale. 

11. Midship Sections of Three Vessels 

of different sizes. 

12. Largs Vasel, showing details.— 

Fere End in Section, and End 
View, with Stern Post, Crutches, 
Deck Beams, &c. 



13. Largs Viae!, showing details.— 

After End in section, uiih End 
View, Stern Frame for Screw, 
and Rudder. 

14. Large Vessel, showing details.— 

Midship Section, Half breadth. 
Io. Machine! for Punching and Shear- 
ing Plates and Anglo-Iron, and 
for Bending Plates ; Rivet 
Hearth. 

16. iuacflinrj.— Garforth's Riveting 

Machine, Drilling and Counter 
Sinking Machine. 

17. ^irF-n-mrciforllentinf-PIatesand 

Angle-Iron; various Tools used 
in Riveting and Plating. 

15. Qtmaale, Keol, and Flooring; 

Plan for Sheathing Iron Ships 

19. Illustrations of the Magnetic Con- 

dition of various Iron Ships. 

20. Gray's Floating Compass and Bin- 

nacle, wtlb. Adjusting Magnets. 

21. Corroded Iron Bolt In Frame of 

Wooden Ship; Caulking Joints 

22. Great Entltrn— Longitudinal Sec- 

tions and Half-breadth Plans. 

23. Great Eastern— Midship Section, 

with details. 
21. Great Saltern— Section in Engine 
Boom, and Paddle Boxes. 



This Work maybe had of Messrs. LoCEWtonfc Co., No. 7, Stationers* 
Hall Court, and also of Mr, Wkalk ; either the Atlas separately 
for ] I. 2s. Sd., or together with the Text price as above stated. 



Bradbury and Evans, Printers Whitofilare, 
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